Chapter 4

CONTINUOUS-TIME SYSTEM
ANALYSIS USING THE
LAPLACE TRANSFORM
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THE LAPLACE TRANSFORM

For a signal x(t), its Laplace transform X(s) is defined by:

X(s) = foox(t)e_“dt

where s = o + jw 1S a complex number called the complex
frequency.
Note: * .

X(s) =] x(t)e te I®tdt

So, Laplace transform is similar to finding the Fourier
transform of the signal {x(t)e'}. If c = 0, Fourier transform
will be the same as Laplace transform.
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Example:
Find the Laplace Transform of the time function: x(t) = Ae~ % u(t)

Solution:

N —st | X(s)=A e — e
X(s) = J_Oox(t)e dt VT TG ) —G+a)
_ (7 4—at st _
X(S)_Jo Ae™%e™Stdt X(S)—S_I_a

co

X(s) =J Ae~(s+a)tgy
0

e—(s+a)t 0

X(s)=A4A

—(s+ a) .
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Example:
Find the Laplace Transform of the impulse function: x(t) = §(t)

Solution:

X(s) = foox(t)e‘“dt

co x(t)
X(s) =f 5(t)e stdt }

4 olt)

X(s) = 5% food(t)dt
X(s)=1
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Example:
Find the Laplace Transform of the unit step function: x(t) = u(t)

Solution:

X(s) =j x(t)e Stdt X(1)
o A

0]

X(s) =J e Stdt 1
0

X(s) = [e:zt]
0

- |

co 0
X©) ==
X(s)=1
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Example:
Find the Laplace Transform of the function: x(t) = cos(wgt)u(t)

Solution:

X(s) = joox(t)e‘“dt

Cco

X(S) :J COS(wot)e_Stdt
0
1, . _
cos(wyt) = E(ejwot + e~Jjwot)
1%, . ,
X(S) — EJ (e]a)ot + e—]wot)e—stdt
0
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Solution: o _ %Jf‘”(ejwot + e-Joot) g5t gy
0
X(s) == [ (e=G-T00)t 4 o=(s+i00)t) gy
2 J,
1[ e~G-jwot  g=(s+jwodt 17
X(s) = 5[—(s “jwo) T =G+ w0,
1 [e-Gjwo)o  g=(s+jwg)e ¢ e
X(s) = 2 —(s — jwy) + —(s+jwy) - (—(S — jwg) ¥ —(s +jwo))]

X()—l 1 N 1
> C2ls—jw, S+ jwg

_1 S—Jwyg+ s+ jwg
X(s) = 2 [(5 — jwo) (s +jwo)]
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Solution:
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1
X(s) = >
X(s)




Example:
Find the Laplace Transform of the function: x(t) = Ate~*u(t)

Hint: [~ te~%dt = —

a2

Solution: X(s) = f T r(De-stdt

0.0)

X(s) =f Ate e Stdt
0

00

X(s) = Af te~(Statge
0
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Example:

Find the Laplace Transform of the !
functionx(t) = rect (t;—l) shown in

figure.
Solution:

X(s) = foox(t)e_“dt

2

X(s) =j le Stdt
0

—St

X(s) = [

—S
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x(f)

(0 2 [ —-
-2s L0
e e
X(s) = ——
—-Ss  —S
~2s
e
X(s) = + -
—S S

_ L s
X(s) S(l e” %)
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TAEBLE 4.1

Laplace Transform Pairs
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Inverse Laplace Transform

1 we can find the inverse transforms using the table shown In
slide 11. All we need is to express X(s) as a sum of simpler
functions of the forms listed in the table.

d Most of the transforms X(s) of practical interest are rational
functions, that Is, ratios of polynomials in s. Such functions
can be expressed as a sum of simpler functions by using partial
fraction expansion.

1 Values of s at which X(s) = 0 are called the zeros of X(s); the
values of s at which X(s)— oo are called the poles of X(s).

 The roots of N(s) are the zeros, and the roots of D(s) are the
poles of X(s).

Intelligent Systems Engineering 12



Partial-Fraction Expansion:

N(s)
D(s)

X(s) =

d If we convert X(s) to a sum of a simpler functions using
partial fraction expansion, then:

X(s) = X.(8) + X, (5) + Xa(s) + -
 Then using inverse Laplace transform:

x () = x1(6) + x5 (£) + x3(t) + -+
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Case 1: Roots of the denominator of X(s) are Real and Distinct

Example:
Find the inverse Laplace Transform of the function
75 — 6
X(s) =
&) = 6+ 26 -3)
Solution:

The rootsof D(s)ares=-2,ands=+3

The highest power of N(s) is less than that of D(s), we can write
the partial-fraction expansion as:

k k
X(s) = 1 2

Where k;, and k, are constants to be determined:
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To get k, and k,, we use coverup Method.

75 — 6 B k4 k,
X(S)=(5+2)(5—3) X(S)_S+2+s—3

To get k,: Coverup (s+2), then substitute s = — 2
75— 6
(s —3)

==

S=—2

4

k]_:

To get k,: Coverup (s-3), then substitute s = 3

. 75 — 6 15 ;
2= _—— =
(s+2) PO
So the function X(s) is: X(s) = * 1 3
| > s+2 s-3
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X(s) =

1 The inverse Laplace transform is:

1
s—A

Using the table in slide 11: ertu(t) -

x(t) = 4e ?tu(t) + 3e3tu(t)

x(t) = (4de %t + 3e3)u(t)
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Example:
Find the inverse Laplace Transform of the function

X(s) = 254 + 5
)= s2+3s+2
Solution:
s 45
X(s) =

(s+2)(s+1)
d Therootsof D(s)ares=-2,ands=-1

We can write the partial-fraction expansion as:
k k
1 + 2
s+2 s+1
Observe that X(s) is an improper function with the power of N(s)

and D(s) Is the same. The constant 2 in the above equation is
(Coefﬂment of s2in N(s)/Coefﬁment of s2 in D(s)).
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To get k, and k,, we use coverup Method.
2 k k
2s“+5 X(s) = 2 + 1, M
(S+2)(S+1) s+ 2 s+1

To get k,: Coverup (s+2), then substitute s = — 2

X(s) =

. 25% + 5 13 3
1 (s+1) -1

S=—2

To get k,: Coverup (s+1), then substitutes= -1

o s?+5 _7_7
2_(S+2) 1

s=-1

. . 13 7
So the function X(s) is: X(s) =2+

S+ 2 S+1
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—13 7

X(s) =2

() +s+2+s+1
1 The inverse Laplace transform is:

Using the table in slide 11. 5(t) » 1

1
At
L
eu()—>S_/1

x(t) = 26(t) — 13e~?tu(t) + 7e tu(t)

x(t) =26(t) + (7e7t —13e ?Hu(t)

Intelligent Systems Engineering 19



Case 2. Roots of the denominator of X(s) are real and repeated

Example:
Find the inverse Laplace Transform of the function

8s + 10
(s+1)(s+ 2)?

X(s) =

The rootsof D(s)ares=-1,s=-2,ands=-2
In this case, we can write the partial-fraction expansion as:

k1 2 K3

X(s) = + +
(s) s+1 (s+2)¢ s+2

Where ki, k, , and ks are constants to be determines:
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To get k, and k,, we use coverup Method.

X(S) _ 8s + 10 X( ) _ kl + kz + k3
(s +1)(s +2)2 TS (s+2)2 s+2
To get k,: Coverup (s+1), then substitute s = -1
. __ 8s+10 2,
1 (S+2)ZS=_1_1_
To get K,: Coverup (s+2)?, then substitute s= -2
o __ 8s+10 _6_,
27 (s+ 1) ey -1
So the function X(s) is: X(s) = 2 6 3
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To get k;, we have two methods:
8s + 10 2 6 ks

X(S):(s+1)(s+2)2 X(S)zs+1+(s+2)2+s+2

Method #1: Multiply X(s) by (s + 2)?, differentiate with
respect to s. then substitute s = — 2

. _d 8s + 10
37 ds\ s+1

S=-2

" (s+1)x8—-(8s+10) x 1
3 — 2

(s+1) e
2 -2
s+ D2, (2412
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Another Method to get K,
8s + 10 2 6 ks

(s + 1)(s + 2)2 X(S):s+1+(s+2)2+s+2

X(s) =

Method #2: Multiply X(s) by s, then substitute s — o
s(8s + 10) 2s 6s kss

X(s) = X(s) = + +
sX(s) (s+ 1)(s + 2)? sX(s) s+1 (s+2) s+4+2
s(8s + 10) 2s 6s kis
= =2+k
(s+D(s+2)2 0 s+1+(s+2)2+s+zﬁoo T
2+k3= k3:—2
2 6 2

_|_ —_—
s+1 (s+2) s+2
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So the function X(s) Is: X(s) = _IZ_ 1 + ( +62)2 — _Iz_ 5
S S S

 The inverse Laplace transform is:
1
s—A
1

Using the table in slide 11: eltu(t) -

teltu(t) - (S _ A)Z

x(t) = 2e tu(t) + 6te “tu(t) — 2e*tu(t)

x(t) = (2e7t + 6te %t — 2e*Hu(t)
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Example:

10
Find the inverse Laplace transform of: X(s) =

s(s+2)(s + 3)?

Solution:
ki ks ks ky
X(s) = S +S+2+(S+3)2+S+3
. 10 10 5
CAs+2)(s+3)2| _, 232 9
. 10 10 .
27 g (s + 3)% ey - =2(1)?%
. 10 10 10
> s(s+2) — —3(-1) 3

s=-3
Intelligent Systems Engineering o5



- 10
Solution: X(S)=S(S+2)(S+3)2

ke ks k3 K4
X(s) = S +S+2+(S+3)2+S+3
To get k,,
Method #1:
L _d(_10
* T ds\s(s+2) s
- —10(s+s+ 2) _ —10(-6+2)
* s2(s + 2)% , - 9(—=12
o=

Intelligent Systems Engineering 26
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Another Method to get Kk,
Method #2: Multiply X(s) by s, then substitute s — o

10 XGs) 5 5 10k
S) =——
s(s+ 2)(s + 3)? 9

= +
X(s) s s+2 3(+3)2% s+3

10 5 5s 10s kis

X)) =32z 9T 2 36132 Tsr3

10

5s 10s kis -5 4k
(s+2)(s+3)%__ - *

+ +
s+2 3(s+3)2 s+3|_ 9

co

[
OI5
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Solution:

5/9 5 10/3  40/9
X(s) = 212
() == s+12 7 G327 553

The inverse Laplace transform is:  Using the table in slide 11:

1 1
u(t) - — ertu(t) —»
S s—A

1
(s = A)?

tetu(t) -

So the function x(t) Is:

5 10 40
x(t) = gu(t) — Se?tyu(t) + ?te_“u(t) + ?e_Stu(t)
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Case 3. Roots of the denominator of X(s) are complex or imaginary
Example:
Find the inverse Laplace transform of; X(s) =
Solution:

1
s(s?+2s+5)

The roots of D(s) are: s=0,s=—1-J2,and s = — 1+j2
We can write the partial-fraction expansion as:

k4 ks + ks
X(s) = =
(s) S +(52+25+5)

Where k,, k,, and k; are constants to be determined:
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Solution:

1 k1 kos + ks

X(s) = s(s?+ 2s+5) X(s) = (S + 25 + 5)

1

k. =
1 5

To get k, and k;: Multiply X(s) by s, then substitute s — oo

1 s(k,s + k3)
sX(s) = X(s) ==
)= 75 25+ 5) sX(s) +(s 2 ¥ 25+ 5)
|
1 | s(kys + k3) 1
=0 - 2 3 _ _
(s?+2s+5)|, : 5+(52+25+5) S-I_k2
1 1
§+k2=0 kzz_g
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Solution:

1
s(s?+ 2s+5)

X(s) =

To get k;: substitutes =1

1 1
X = = —
) =Ta+2+5 "8
1
1_1 5tk I
8 5 8 I
ik :
1 1 757" .
8 5 8 |
3_—1+k I
5 g5 '3 l
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X(S)_55+(52+25+5)
=
X _—
) =5+ T 2735
1 3_k
5 5 3
. 2
> 5
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Solution:

—1 2
So the function X(s) is: _1 5°°§
X(s) 55+(52+25+5)
1 1 s+ 2
X)) =c—-7
55 5(s?+2s+5)
1 1 S+ 2
X(s)=——=

X
55 5 (s+1)?+4

X()—l 1>< s+1+1
) T8 5 (s+1)2+4

X()—l 1>< s+1 1>< 1
) T 5s 5 (s+1)2+4 5 (s+1)2+4
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Solution:

The inverse Laplace transform is: Using the table in slide 11.:

1
u(t) -» -
S
b S+a
—at .; —at
e Sln(bt)u(t) — (S n a)z n b2 e COS(bt)u(t) - (S + a)z + bz
1 1 s+1 1 1

55 5(s+1)2+4 5(s+1)2+4

1 1 s+1 1 2
" 55 5(s+1)2+4 10(s+1)2+4

x(t) = —u(t) — %e tcos(2t) u(t) — 1—106 Lsin(28)u(t)
1

x(t) = <% —z e tcos(2t) — 1—10 e‘tsin(Zt)> u(t)
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Example:

6(s + 34)

Find the inverse Laplace transform of: X(s) =

_ s(s?2 + 10s + 34)
Solution:

The roots of D(s) ares=0,s=-5+)3,ands=-5—3
We can write the partial-fraction expansion as:

k, kys + ko
X = —
(s) S T (s2 4+ 10s + 34)

Where ki, k, , and k; are constants to be determined:
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Solution:

6 34 k4 kos + k
X(s) = 2 34 X(s) = 2 3
s(s?2 + 10s + 34) (S + 10s + 34)
6(s + 34
k1 — ( ) — 6

To get k, and k;: Multiply X(s) by s, then substitute s —

6(s + 34) s(kys + ks)
X(s) = X(s) =6
sX(s) (s + 10s + 34) sX(s) =6+ (s + 10s + 34)
|
6(5 + 34) l S(sz + kg)
j— O f—
((?+10s+38)| _~ | °T(2r10s+39) 6+,

S— 00

6+k2=0 k2=_6
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Solution:
6(s + 34) 6 —65 + k4

X(s) =-

X(s) = +
() s(s2 + 10s + 34) s (s*+10s +34)

To get k;: substitutes =1

6 X 35 14 —6 + k4
X(S)=(1+10+34)=? X(S)=6+(1+10+34)
Ll —60 + 6 = ks
3 45
_f:—6+k3 ks = —54

3 45
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Solution:

So the function X(s) is: X(s) = 6 N —65 — 54
s (s?+10s+ 34)
X()—6 . s+9
T (s?2 4+ 10s + 34)
6 s+9
X(s)=-—6
() s  (s+5)7%+9
X()—6 6 s+5+4
VTS TP +5)2+9
6 s+5 4

X(S):s 6(S+5)2+9_6(5_|_5)2_|_9
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Solution:

The inverse Laplace transform is: Using the table in slide 11.:

1
u(t) - —
S
b S+a
—at .; —at
e Sln(bt)u(t) - (S n a)z n b2 e COS(bt)u(t) 4 (S + a)z + bz
X(s) = 6 ’ s+5 . 4
T TP 5+5249 "(5+5)2+09
6 s+5 4 3
X(s) =—

5_6(s+5)2+9_6x§(s+5)2+9
x(t) = 6u(t) — 6etcos(3t) u(t) — 8e~>tsin(3t)u(t)

x(t) = (6 — 6e~>tcos(3t) — 86‘5tsin(3t)) u(t)
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SOME PROPERTIES OF THE LAPLACE
TRANSFORM

1. LINEARITY:

The Laplace transform is linear that is If:
x1(t) = X1(5) and x(t) = Xp(s)

Then, for all constants a, and a,, we have:

a1 x1(t) + ax,(t) = a1X1(s) + a,X,(s)
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SOME PROPERTIES OF THE LAPLACE
TRANSFORM

2. Time Shifting
The time shift property states that if

x(Du(t) = X(s)
Then,
x(t —tou(t —ty) = X(s)e™S ;>0

"he time-shifting property proves very convenient in finding
the Laplace transform of functions with different
descriptions over different intervals, as the following
example demonstrates.
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Example:
Find the Laplace transform of x(t) depicted

1
In figure. /

Solution: 0T 1 2 3 41—

xp(1) x(1)

x(t) = x1(t) + x,(t)

x(@) = —-DJult—1) —u(t—2)]+ [u(t—2) —u(t — 4)]
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x@) =t —-—Dult—1) —u(t—2)]+ [u(t—2) —u(t —4)]

x(@)=t—-Dult—-1D)—-Ct—-—Dut—-2)+ult—2) —u(t—4)
x@)=Ct—-Dut-1)—-[(t—-1)—1]u(t—2) —u(t —4)

x@)=t—-Dut—-1) -t —-2)u(t—2) —u(t—4)

From the table in slide 11:  wu(¢) - % u(t — to) = %e‘StO
1 1 —st
tU(t) — S—2 (t — to)U(t — tO) - S—Ze 0
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Example: 0

Find the Laplace transform of X(t) T
depicted in figure.

Solution:

0 '1 2 3 [ —-

x(t) = x1(t) + x,(t)
x(t) =tlu(t) —u(t—2)]+2@ =) [u(t—2) —u(t — 3)]

x(t) =tu(t) —tu(t—2)+ 2@ —-u(t—2) — 23 —t)u(t — 3)

x(t) =tu(t) +2(3—-t)—tlu(t—2) — 23 —t)u(t — 3)
x(t) = tu(t) +[6 —3t]u(t —2) —2(3 — t)u(t — 3)
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Solution:

x(t) =tu(t)+ 6 —3tjJu(t—2) —2(3 —t)u(t — 3)
x(t) =tu(t) —3(t —2)u(t—2) + 2(t — 3)u(t — 3)

From the table in slide 11:

1 1 _
tu(t) » — (t — to)ult — ¢to) > 2€ sto
S
1 3 2
_ —2 —3
X(S)_S_Z—S_Ze S+S—2€ S

1
X(s) = = (1 — 3e7 %5 + 2e739)

Intelligent Systems Engineering 44



Example:
Find the inverse Laplace Transform of the function

X( ) B 56_25
TG+ DG+ 2)
Solution: :
| et Xi(s) =

(s+1)(s+2)

d Therootsof D(s)ares=-1,ands=-2
We can write the partial-fraction expansion as:
kq K2

S+1+S+2

X,(s) =
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Solution:
To get k, and k,, we use coverup Method.

5 ko k
G+DG+2) Xl =7

+1 s+2
To get k,: Coverup (s+1), then substitute s = -1

5
(s + 2)

X,1(s) =

k1=

s=—1

To get k,: Coverup (s+2), then substitute s = — 2

L 5 5 c
2 — = —— —
(s +1) e, 1
So the function X, () Is: . X,(s) = _ >

s+1 s+2
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Solution:

X,(5) = —— e P

W T G DG +2) | 151 s+ 2
5e~2S I 5 5

X — —_— _ZS_ —2S

(s) G+DG+2) X.108) =577 s+2°

The inverse Laplace transform is:  Using the table in slide 11:
1

s—A

e M2y (t —2) -

ertu(t) -

—2s
e
s—A
x(t) = 5e" Dy (t — 2) — 572Dy (¢t — 2)
x(t) = 5[e™(t72) — e~ 2t=D]y(t — 2)
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SOME PROPERTIES OF THE LAPLACE

TRANSFORM
3. Frequency Shifting

The frequency shift property states that if

x(t) = X(s)

x(t)eSot = X(s—sp)

Then,
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SOME PROPERTIES OF THE LAPLACE

TRANSFORM

4. Time differentiation
The time-differentiation property states that if

x(t) = X(s)

Then. dx(t) sX(s) —x(07)
dt
d°x(O) o g2x(s) — sx(07) — £(07)
dt?
Generally,
d™x(t) = s"X(s) —s"1x(07) —s™2%(07) — - —x™"D(07)

dt™
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SOME PROPERTIES OF THE LAPLACE
TRANSFORM

5. Frequency differentiation
The frequency-differentiation property states that if

x(t) = X(s)

dX(s)
 ds

Then,

I

tx(t)
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Example:

Find the Laplace transform of the signal x(t) using the time
differentiation property and the table in slide 11.

TN

() 2 3 [—

Solution:
! | —
d x(t) — SZX(S) —sx(07) —x(07)
dt? = | -
dZX(t) N SZX(S) J

dt?
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Solution:

-
at
| ———

0

||

=6(t)—36(t—2)+26(t—3)

)

d*x(t)
dt?

2
d xgt) = 1—3e2%5 4273
dt

s?X(s) =1—3e %5+ 2e73

1
X(s) = 5—2(1 — 3e7%5 4+ 2e73%)
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SOME PROPERTIES OF THE LAPLACE
TRANSFORM

6. Time Integration
The time integration property states that If:

x(t) = X(s)

X(s)
S

Then, t
f x(t)dt =
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SOME PROPERTIES OF THE LAPLACE
TRANSFORM

/. Time scaling
The time scaling property states that if:

x(t) = X(s)
Then, 1

x(at) = EX (2) 1> 0
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SOME PROPERTIES OF THE LAPLACE
TRANSFORM

8. Time Convolution
The time convolution property states that if:

x1(t) = Xi(s) and x(t) = X,(s)

x1(t) * x5 (t) = Xi(s)Xy(s)
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TABLE 4.2 Unilateral Laplace Transform Properties

Operation x(f) Xis)
Addition it +xin X185+ X205
Scalar multiplication kxit EX(s)
. .. dxit)
Time differentiation —r sX{5) —x0™)
2
d dﬁgr} X (5) —sx(07) — &(07)
d*x(t )
;E ) S X(8) —s7x(07) — si(07) —3(07)
d"x(t n
*0) SX(s) — Y k1 0
fl:"“ =1
Time integration f xit)dr %X{s}
: i i o=
f xrydz —Xi5+ —f Xyt
—0 & £ — 0
Time shifting x(f—togult —tg)  X(g)e o =0
Frequency shifting xifhe™ Xis—asn)
dX(s)
Frequency —Ix(r) o
differentiation
: . x(n =
Frequency integration - [ X(z)dz
¥
1
Scaling xiat),a=10 —X(i)
a \a
Time convolution x1(H «x2(0) X1(5)Xa(5)
|
Frequency convolution  xy(f)x2(f) ,LU.X ()= X208
Initial value x(0™) slin;: sX(5) (n=m
Final value xioo) ]inés,"{'{.-:} [poles of sX(s) in LHP]
B
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Example:

Find the time convolution y(t) = e?tu(t)* e3tu(t)

Solution:

y(t) = e?tu(t) * e3tu(t)

Taking the Laplace transform of both sides:

Y(s) = ! X !
)= s—2 s—3
1
Y(s) =
&)= G=26-3
Using Partial Fractions:
k k
Y(s) = ——+—2

s—2 s—3
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Solution:

1 k k
"= 6-9 V) =Tt
= 1,

(s —3) ey 1

(s —2) a1

1 1
Y(S)=_5—2+s—3
Taking the inverse Laplace transform: ertu(t) — : 1 7

y(t) = —e?tu(t) + e3tu(t)
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SOLUTION OF DIFFERENTIAL EQUATIONS
Example:
Solve the second-order linear differential equation:

d’y() _dy(t) dx(t)
a2 0 Tar T 6y(8) = dt
for the initial conditions y(0-)=2, and y(0~)=1 and the input

x(t) = e *u(t)

Solution:

Taking the Laplace transform of the above differential equation:

[s?Y(s) —sy(07) —y(07)] + 5[sY(s) —y(07)] + 6Y(s)
= [sX(s) —x(07)] + X(s)
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Solution:
y(0)=2, and y(07)=1 and the input x(t) = e~ **u(t)
x(0-)=0, and X(s) =1/(s+4)

[s2Y(s) —sy(07) —y(07)] + 5[sY(s) —y(07)] + 6Y(s)
= [sX(s) —x(07)] + X(s)

1
s+ 4

S
s+ 4

s2Y(s) — 25 — 1] + 5[sY(s) — 2] + 6Y(s) = [ _ o] +

s+1
s?Y(s) + 5sY(s) + 6Y(s) = ——) +2s + 11

s+ 1
Y(s)(s?+5s5s+6) =

+ 2s+ 11
s+ 4
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Solution:

s+1
Y(s)(s? + 55+ 6) =

Y

Intelligent Systems Engineering

+2s+ 11

s+ 4
iii+25+11
Y(s) =
s2+5s+6
s+1+(2s+11)(s+4)

(s +5s+6)(s+4)

(s) =

Y()_S+1+252+19s+44
)= (s+2)(s+3)(s+4)

Vo) = 25% 4+ 20s + 45
(s) = (s+2)(s+3)(s+4)
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Solution:  using Partial Fractions:
252 4 20s + 45 ky ks k3

Y (s) = = +
() (s+2)(s+3)(s+4) Vis) = S+ 2 S+3 s+ 4
. 2s5% + 20s + 45 _13_65
1= (s+3)(s+4) 2
s=—2
25% + 20s + 45 3
k2: = — = —3
(s + 2) (s+4) —1
s=-3
. 25% + 20s + 45 =3 L
> (s+2)(s+3) 2 7
s=—4
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Solution:

6.5 3 1.5
s+2 s+3 s+4

Y(s) =

1
s—A

Taking the inverse Laplace transform: ettu(t) -

y(t) = 6.5e"%tu(t) — 3e 3tu(t) — 1.5e *u(t)

y(t) = (6.5e7%t — 3e73t — 1.5 *)u(t)

Intelligent Systems Engineering 63



Zero Input response and Zero State Response

The Laplace transform method gives the total response,
which includes zero-input response (ZIR) and zero-state
response (ZSR) components.

The Initial condition terms In the response give rise to the
Zero-input response.

-
’— ‘\

- - - . ~
Consider the previous example: ¢ Thistermis due to >
______ N _initial conditions
P - . . ~ N . -, . /7 m——-—
This term is due to _:=_l.’S_|_ 1 . - > -

~ _ thei/psignal _~~

) P

\ o2 411f

TTTT Y(s) = 'Z‘S-_l_-fl’ + '2*-_.— =
s“+5s+6 s“+5s+6

ZSR ZIR

Total Response
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Zero Input response and Zero State Response

After taking the inverse Laplace transform of each term
separately:

y(t) = (—0.5e7%t + 273t — 1.5e *)u(t) + (7e ?t — 5e3u(t)

ZSR ZIR

Total Response
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The Transfer Function H(s)

X(s) LTI system Y (s)
H(s)

Consider a LTIC system, where the i/p signal is X(s), and the
o/p signal is Y (s). The transfer function of the system is defined

ds.

Y(s)

HS) =36
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Example:

Find the transfer function H(s) of an LTIC system described
by the equation:

d’y() _dy(t) dx(t)
dt2 5 dt +6y(t) = dt
All the initial conditions are zero. Then find the zero-state

response y(t) of the system if the input is x(t) = 3e~>tu(t)

Solution:

Taking the Laplace transform of the above differential equation:

52Y(s) —sy(07) —y(07)] + 5[sY(s) —y(07)] + 6Y(s)
= [sX(s) —x(07)] + X(s)

All the Initial conditions are zero.
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Solution:
s?Y(s) + 5sY(s) + 6Y(s) = sX(s) + X(s)

Y(s)(s? +55+6) =X(s)(s+ 1)

The transfer function H(s) Is:

Y

s+1
H(S)=SZ+55+6
H(s) = s+1
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Solution:
To get the system response:

X(s) LTI system Y(s)
H(s) Y(s) = X(s)H(s)
1
x(t) = 3e>tu(t) e*tu(t) - p—
X(s) =
(s) s+5

Y(s) = X(s)H(s)

3(s+1)
(s+2)(s+3)(s+5)

Y(s) =
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Solution: Using Partial Fractions:

B 3(s +1) k4 k
Uk ey ey Toen B Ohbony R
. 3(s + 1) _3_

T (s+3)(s+5)s=_2_?__

k. — 3(s+1) _—6_3
7 (s +2) (s+5)| __, -2
. — 3(s+1) -1z ,

T (s+2)(s+3) .. 6

v(s) = — 1 3 2

Intelligent Systems Engineering
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Solution:

V(s) = 1 N 3 2

YT Ts5¥2 s+3 s+5

Taking the Inverse Laplace transform: g4ty (¢) — 1 >
S —

y(t) = —e2tu(t) + 3e 3tu(t) — 2e>tu(t)

y(t) = (3e 3t —e 2t — 2e>YHu(t)
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Example:
For an LTIC system with transfer function,

Find the system response y(t) to the input x(t) = e~ ?*u(t) if
the system is initially in zero state.

Solution:

X(s) LTI system Y(s)
H(s) Y(s) = X(s)H(s)

s+ 2
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Solution:

Intelligent Systems Engineering

s+5
T s+2 H(S)zsz+4s+3
Y(s) = X(s)H(s)
B (s+5)
Vis) = (s +2)(s?+4s + 3)
V(s) = (s +5)

s+ 2)(s+3)(s+1)



Solution:

Y(S):(s+2)g:3(s+1) Y(S):slj—l2+slj—23+slfl
k1= g:;(s+1) Sz_zz—ilz_3
ky = (S+2)(S+5)(s+1) L :;: :
k3=(s+2)§:2 S=_1=;=2
3 1 2

Y(s) = —
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Solution:

V(s) = 3 N 1 N 2

) s+2 s+3 s+1

Taking the Inverse Laplace transform: g4ty (¢) — 1 >
S —

y(t) = —3e ?tu(t) + e 3tu(t) + 2e " tu(t)

y(t) = (2e7t —3e7 %t + e 3YHu(e)
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Block Diagrams

Large systems may consist of an enormous number of
components or elements. In such cases, it Is convenient to
represent a system by suitably interconnected subsystems, each
of which can be readily analyzed. Each subsystem can be
characterized in terms of its input—output relationships. A linear
system can be characterized by its transfer function H(s).

Xis) Wis) ¥ix) Xi(5) ¥ix)
e (5] et (5] —t— = et [](5) Ho(5]  —

e H(®) 7

X(5) ¥is) X(x) ¥is)
—_—— E —— T —— H]f_l."J+H]fj.1 —_—

—— H,(5) —>—|
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Example:
Consider two LTIC systems. The first has transfer function

Hl(s)zﬁ and the second has a transfer function
o
S

HZ(S):E.

1. Determine the overall impulse response if the two
systems are connected in series (cascaded).

2. Determine the overall impulse response if the two
systems are connected in parallel.
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Solution:

1. Block diagrams are cascaded:

Xis) Wis) ¥is) X(5) ¥is)

——  H(5) —— Hl5) ——s = —— [ (5 H(5) ———
2S s+ 3
= H —
H,(s) 11 2(5) S+ E
H(s) = Hy(s)H,(s)
2S s+ 3
H = X
(s) s+1 s+5
2s(s + 3
H(s) = ( )

(s+1)(s +5)

To get the overall impulse response, we should get the
Inverse Laplace transform of H(s).
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Solution:

Using partial Fraction Method: the numerator order should
be less than the denominator order

2s(s + 3) k4 k-
H — H =
&) = G DG 15 () =2+ 37 % 555
2s(s + 3 —4
kl — S(S ) = — = —1
(s+5)|__, 4
2s(s + 3) 20
k2 = —_ — = —
(s+1) . —4
1 5
H(s) =2 -
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Solution:

H(s) = 2 1 5
YT FL s+5
Taking the Inverse Laplace transform: 5(t) » 1
1
At
t
etu(t) - p—

h(t) = 26(t) — e tu(t) — 5e>tu(t)
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Solution:
2. Block diagrams are Parallel:

H,(s) = 28
15/ = s+1
. H|151-| —>—|
Xi5) ¥is) Xi(s) ¥is)
—— 3 e = e——— His) + Hyls) ——
g F(5) —>—|
s+ 3
2(s) = s+ 5
H(s) = Hy(s) + Hy(s)
28 s+ 3
H(s) = -
(s) s+1 s+5

To get the overall impulse response, we should get the
Inverse Laplace transform of H(s)
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Solution: H(s) = 25 _|_S+3

Taking the Inverse Laplace transform:

At 1
dx(t) = sX(s)—x(07) etul®) ~> 77
dt
d S
1 (-5t
e—Stu(t) N - dt (e u(t)) — 1t

S
_c,—5t
S5e u(t)+5(t)—>s+5

S
s+ 1

1
s+ 1

e tu(t) —»

d,  _
E(e tu(t)) -

-t
) e u(t)+6(t)—>s+1
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Solution:

H(s) = 25— ) 45 (—— )+ —
YT+ 1) TN s x5 Ts+5

A(t) = 2(8(6) —e~t u(t)) + (8(6) —5e =5t u(t) ) + 3~ u(t)

h(t) =38(t) —2e~tu(t) —2e~>t u(t)



