Chapter 3

CONTINUOUS-TIME SIGNAL

ANALYSIS: THE FOURIER

SERIES AND FOURIER
TRANSFORM
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Introduction:

Electrical engineers instinctively think of signals in terms of
their frequency spectra and think of systems in terms of their
frequency response.

Most teenagers know about the audible portion of audio
signals having a bandwidth of about 20 kHz and the need for
good-quality speakers to respond up to 20 kHz. This is
basically thinking in the frequency domain.

In this chapter we show that a periodic signal can be
represented as a sum of sinusoids (or exponentials) of various
frequencies (called Fourier Series). These results are
extended to aperiodic signals using Fourier transform.
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PERIODIC SIGNAL REPRESENTATION
BY TRIGONOMETRIC FOURIER SERIES

A periodic signal x(t) of a period T, could be expressed In
terms of a trigonometric Fourier series as follows:

N AUV

g g L7 >

Ty

00]

x(t) =a, + 2 a,, cos nwyt + b, sinnwyt

n=1
27T -
where w, = T—” Is called the fundamental frequency.
0
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PERIODIC SIGNAL REPRESENTATION
BY TRIGONOMETRIC FOURIER SERIES

x(t) =a, + 2 a,, CoOsnwyt + b, sinnwyt

n=1
To
Where a, = TifOTO x(t)dt an = T x(t) cosnw,t dt
0 070
2 (o _
b, =— | x(t)sinnwytdt
Ty Jo

So, A periodic signal x(t) with a period T, can be expressed as a
sum of a sinusoid of frequency f, (f, = 1/T,) and all its
harmonics.
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Compact Form of Fourier Series

When x(t) is real, coefficients a, and b, are real for all n, and the
trigonometric Fourier series can be expressed in a compact form:

x(t) =C, + 2 C,, cos(nwyt + 6,,)

n=1

where Gy = o G = Jai +b} g, = ant (22
an
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Example:

Find the compact trigonometric Fourier series for the square-pulse
periodic signal shown in figure and sketch its Fourier spectrum.

xigl

Solution:
1 To 1 (2
ap = T, : x(t)dt Ao = -~ —%1dt
aO = — XTI = 05

2T
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Solution:

xii)

2 (To
a, = —
n
2 (2
a, =—
" o2 ) =m
2
_ n
1[smnt]2
a, = —
" gl n L=

2
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1 X cosntdt'

x(t) cosnwyt dt

A, =

_27‘[_27'[_1
wO_TO_Zn_
inn= — sin —n—
1(5 ns—s n2>
[ n




Solution:

xii)

2 [T 2 2T
b, =— | x(t)sinnwytdt — = =
T
b ‘(2 1 X si d
= — X sinntat
"2 z

b, =0
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Solution:

Co = ay, = 0.5 Cn=\/a,%+b,%
2 sinn— —b
an_( 2) 9n=tan_1( n)zO
I3 n an
x(t) =C, + Z C,, cos(nwyt + 6,,)
n=1
[o's) i 1T
? SlIlTl?
x(t) = 0.5+ z —< )cos(nt)
1T n

n=1
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Solution:

1-.
C, )
1 .?
05e
2
S
. . 4 T L L T . ]
0 2 4 6 & 8 10
" () —
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Example:

Find the compact trigonometric Fourier series for the periodic
signal x(t) shown in figure. Sketch the amplitude spectrum for

X(1).

Lt
1 1

e

Fo—

-2 — () T 27

J. ¢ sin(bn) dic = e®*(a snr;i)l—b? cos bx) fe“" e R e** (b sir;?.::);z cos bx)
Solution:
1 To 1 (™
— —t/2
a, =— | x()dt a,=— | e t?dt
To Jo T Jo
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- . T
Solution: 1f /2 ¢
0

2 (o
a, x(t) cosnwyt dt Wy = — = —

- Ty 0 To n

2

T
a, = —f e t/2 cos 2nt dt
T Jo
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Solution:

2 T
a, =—| e t?cos2ntdt
T Jo

21 2nsin 2nt — 0.5 cos 2nt\]"
a, =—|et/?
" (—0.5)% 4+ (2n)?

0

2| _ 2nsin 2nm — 0.5 cos 2nm 0—-0.5
a.,. = —|e 77:/2 — eO
" (—0.5)% + (2n)? (—0.5)% + (2n)?

2 . ~0.5 0—-0.5
n = [e ((—0.5)2 + (2n)2> ) <(—0-5)2 + (Zn)zﬂ

2 —0.5 —0.5
a, =—|e /2 —
"oom 0.25 + 4n? 0.25 + 4n?
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Solution:

2 To
b, = —

Intelligent Systems Engineering

C2[ (205
U 0.25 + 4n2

2
(,ln=;

—0.5

—0.5

0.25 + 4n?

0.25 + 4n2> e =11

[ 025
“n =\ 0.25 + 4n2

x(t) sin

2
bn=g

)

nwgt dt Wy =—=—=

T
f e t/Z sin 2nt dt
0
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Solution: 5

by,

2 [ i/ (—O.Ssin 2nt — 2n cos Znt)r
b, == |e~t/

/A

2
B

E e—n/z
T

bn=g

T
f e t/Z sin 2nt dt
0

T

(_

—0.5sin 2nm — 2n cos 2nm

0.5)? + (2n)*

v —2n
0.25 + 4n?

(—0.5)? + (2n)?

)~

—2n
0.25 + 4n?

—2n _
(0.25 + 4n2> [e7/2 —1] bn = (
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)

0

0—-2n

n

0.25 + 4n?

(—0.5)? + (2n)?

)

)



Solution:
Cy = ap = 0.504 C, = \/a,% + b2

oo 0.25 2 N ( n )2
no J\0:25 + An? 0.25 + 4n?

J(0.25)2 4+ n?

C. =
T 0.25 + 4n?

V4(0.25)2 + 4n?

C
n 025+4n2

J0.25 + 4n?

C
" 0.25 + 4n2
0.5

V0.25 + 4n?
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Solution:

—b
6, = tan! (—n)
an
b, =

6., = tan"1(—4n)

(025 ()
Un = 0.25 + 4n?2 0.25 + 4n?

x(t) =C, + z C,, cos(nwyt + 6,,)

n=1

= 0.25
x(t) = 0.504 + z cos(2nt — tan~1(4n))

£~ ./0.25 + 4n2
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Solution:

0.5
Chn = 0.504 C, =
0 " J0.25 + 4n?
0.6 — . . . .
0.4 |
Tooall Y
0 T T T 1 2 ¢ 9 o »
0o 1 4 & & 10
6, = tan"1(—4n) "
0 r—e
05
S N
15 Toe * & s 9 e 9 e @
0 2 4 6 8 10
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Example:

Find the compact trigonometric Fourier series for the periodic
signal x(t) shown in figure. Sketch the amplitude spectrum for

X(1).

xit)
_,,a’xﬂx“uﬁ_ PAN dff’;ﬁ\“uu__,5ifﬁ\\mh__,~”ﬁ\‘-__Jsf’/ﬂ\“ah_
-5 —4 -3 -2 —1 0 | 2 3 4 5 | —a

2 COS asxrs -2
| = &in fr

T Cos ardr =

Solution: ’
1 (To 1[e31
aO —_— X(t)dt ao — [_]
To J, 2(3]_,

1 1
a0=§f t2dt S el Gt B
~1 072 3 3
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Solution:

a, = — x(t) cosnwyt dt Wy =—=T1
ToJ_1 /2 2
1 1
— 2 — 2
a, = j t< cos nit dt a, = 2] t“ cosnmtdt
—1 0
f 3 Iroosar ar =2
- eosardr = - ! — sin axr
- 0
1
2t cosnmt nmit? —2
a, = 272 + 373 Sin nmt :

2 COSNT
a, =2 e
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Solution:

2 (To
. 2T
b, =— | x(t)sinnwytdt Wy =—=T1
To ), 2
1
b, = f t? sinnmt dt b, =0
~1
x(t) =C, + 2 C,, cos(nwyt + 6,,)
n=1
1 4 cosnm
Cr = an = - _ 2 2 —
0 0 3 Cn_\/an-l'bn Cn_ n22

—b
6. = tan~1 =0
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Solution:

cn

Intelligent Systems Engineering

04

03

02

01

01

-02F

03

04|

x(t) =C, + Z C,, cos(nwyt + 6,)

1 < 4 cosnm
x(t) = 3 + z cos(nmt)

n=1

22



Example:
Find the compact trigonometric Fourier series for the periodic

signal x(t) shown in figure. Sketch the amplitude spectrum for
X(t). Al _
,.//\\ PN ?_:-..ﬂ o NNC i
N | [, N2 ~N
e 2Af |I| <.*.—.|, _ _ _ roDsax S1n e
x(f) |l‘—1{] _ 1 l:_=-- F_{'% f:.uulr.'.e-:é': = - F—
Solution:
1 TO 1 1
a, =— | x(t)dt Qo =5 x(t)dt
Ty Jo -1
ao — 0
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Solution:

) To/2 .
An =7 x(t) cosnwyt dt Wy = — =1
To ~T,/2 0
1 —
an = f x(t) cosnmt dt a, =0
-1

1

2 (To |

b, == | x(t)sinnwytdt b, = f x(t) sinnmt dt
To Jg -1

1
by, = Zf x(t) sinnmt dt
0
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Solution:

1
_ 2At
b, = Zf x(t) sinnmt dt xi) = |l4q] —1)
0

0.5 1
b, =2 j 2At sinnmt dt + 2 J 2A(1 — t) sinnmt dt
0 0.5
0.5 1 1
b, = 4Af tsinnntdt—4Af t sinnmt dt+4Af sinnmt dt
0 0.5 0.5
) £ LS I !'-ii[] (L.
fJ'.‘-l]I LA = = — e —
[F! {I=
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- f . ! o L Hi[] (I
- O S pppe— '
Solution: -

1 1

0.5
b, = 4Af t sinnmt dt — 4Af t sinnmt dt +4Af sinnmt dt
0 0.5 0.5
tcosnmt sinnmt1®? t cosntt  sinnmt]
bn=4A’— + 22] —A[_ + 22]
nrt n<t 0 nrt n=1 0.5
cos nit
+44 [ ]
0.5
COS NTT N sinnm N 0.5 cos”z—”
nrm = NTT —_
b —anf 0.5 COS —- N sin =~ aa NI 2172 NI
n nim n2m? sin &t
" n2p2

ni
cosnmt COS WA
+4A\ — +
ni ni
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Solution: b, =84 (Sm7>

n2m?

x(t) =C, + Z C,, cos(nwyt + 6,,)

, , Sin —-
Co=ag=0 Cn = J|an + by (n =84 N2 772
(0/0)
—b T sin =~ [
—tan i — | = —= x(t =z cos(nw t——)
6, = tan ( . ) > (t) 4 (nznz) 0 >
T . 8A
C. ”
8A
im 25m () —
—T = a1  , ® .,
0 w l ST T Qo
84 (b)
D
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Example:

Find the compact trigonometric Fourier series for the periodic for
the impulse train shown in figure. Sketch the amplitude spectrum
for x(t).

L
Solution:

T,

1 (72 )t 1 (2

ao—TO _EX ClO =T_Of_ﬁ5(t)dt

2 2

1
%

T
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Solution:

2 Ty /2

a, = — x(t) cosnwyt dt
ToJ_1 /2
To/2

a, J(t) cosnwyt dt

ToJ_1, /2

2 Ty/2
a, = T—Ocos Of S(t)dt
—T,/2

An =

To
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Solution:

2 Ty /2
b, = — x(t) sinnw,yt dt
ToJ_1 /2
T, /2
b, O(t) sinnwotdt  P(t)6(t) = ¢p(0)6(t)

ToJ_1 /2

2 Ty/2
b, = T—sinOf Sd(t)dt

b, =0
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Solution:

2
1
C0=a0=T—O Cn=\/a,%+b,% C":T_O
—b
Hn=tan‘1<an>=0
n

x(t) =C, + Z C,, cos(nwyt + 6,,)

n=1

x(t) = =— + 2 T—Ocos(na)ot)
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Solution:

C0:_ an_

T
0 T,

2 f'.'.ll.
: - [ ] i ¥ ] ]

L L

TI..I
':::I ml:: 2-[-'.!'|_| :l'li-l.lu "1'l|.r|:'|'__ ﬁl:-l.l'u {-:"l.-\:'] 0
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Parseval’s Theorem

Parseval’s theorem states that the power of a periodic signal
IS equal to the sum of the powers of its Fourier components.

x(t) =C, + z C,, cos(nwyt + 6,,)

n=1

The power of the periodic signal x(is) is given by:

1 0]
P, = C¢ +§z C2
n=1
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Example:

Verify the Parseval’s theorem for the signal given in slide 19,

given that: i 1t
n* "~ 90
n=1
AM
/—5\—4 -3 -2 -1 0l I EM f —
Solution: ) TT
1 T/2 x — 5
P, :—f lx(t)|%dt 21514
) 7, P 1 1°  (—=1)°
1 (1 ¥ 2\5 5
P, = —f t*dt
2)_4 P, =0.2

Intelligent Systems Engineering 34



Solution:
Using the Fourier series representation of x(t) in slide

1 - 4 cosnm
x(t) = 3 + Z cos(nmt)
n=1

n2m?
1% 1 8w 1
_ 2, T 2 _
PG4y )G Pe=g4as )i
n=1 n=1
(0] > 4
. 12+1Z(4cosnn)2 2%:%
*x = \3) T3 n2m2 e
n=1
b _1+ 8 XT[4
. _(1)2_'_1 = 16 cos?(nm) Y9 w90
x — |2 P 44
3 2n=1 n-'m Px=0'2
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THE FOURIER TRANSFORM

We succeeded iIn representing periodic signals as a sum of
(everlasting) sinusoids. The Fourier integral developed in this
section extends this spectral representation to aperiodic signals.

The Fourier transform X(f) of aperiodic signal x(t) Is given by:
X(f) = j x(t)e J2mtdt

The Inverse Fourier transform to get x(t) from X(f) is given by:
W0 = | xX(erIar
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Example:

xil)
1

Find the Fourier transform of the signal

X(t) — e‘atu(t) e~ u(f)

Solution: 0
X(f) = Oox(t)e—ﬁﬂftdt p—(atj2mf)t >

f“"’ X(F) = [—(a ¥ j2nf)],
X(f)=| e e J2mitqt [ e —é°

fo X(f) = (—(a n jan))
X(f) — f e—(a+j2mf)t J¢ X(f) _

0

a+j2nf
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Solution:

X(f) =

The amplitude spectrum is:

The phase spectrum is:

l|/a —

| X0}

Intelligent Systems Engineeri

0

ng

-

38

a+j2nf
[X(f)] =

\/az + (21f)?

X()

....... z
0 f —>
‘_; .......




|/a | X(D)

‘\*
xif)
I
RN
e~ y(r) A
0 = 0 f—>
e u(t) —

a+ j2nf
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TRANSFORMS OF SOME USEFUL
FUNCTIONS

1. Rectanqular Function:

Find the Fourier transform of the signal x(t) = rect (5)

T

( T rect(t'T)
¢ 1 It] < > J
rect (;) = 4 T
LO |t| > z z 5 I .-
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TRANSFORMS OF SOME USEFUL

1. Rectanqular Function:

FUNCTIONS

X(f) = foox(t)e_ﬂ”ftdt

T

X(F) = [ ettt
2
e—j2nft %
D= [—J'Zﬂf 1

Intelligent Systems Engineering
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TRANSFORMS OF SOME USEFUL
FUNCTIONS

1. Rectanqular Function:

1
X(f) = Hsin(nfr)

X(f) = nifrsin(nfr)

__sin(nfT) T
X =t / \

rect{t/T)

0 7 I

X(f) =t Sa(nfT)
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TRANSFORMS OF SOME USEFUL
FUNCTIONS

1. Rectanqular Function:

X(®

| rect(t/'T) / \
- L P -

0 r = o 21 01N,
T T T T

2 F) f—>

TSa(nfr)

I
aQ
g
/N
| =~
N————
0

Intelligent Systems Engineering 43



TRANSFORMS OF SOME USEFUL
FUNCTIONS

2. Unit impulse function
Find the Fourier transform of the signal x(t) = 6(t)

X(f) — fOOX(t)e_jznftdt .L'm" &t

X(f) = fOO(S(t)e‘fZ”ftdt

0

X(f) = f 5(6)dt
X(f) = 1
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TRANSFORMS OF SOME USEFUL

2. Unit impulse function

FUNCTIONS

L ) = 8ir)

Intelligent Systems Engineering

0

5 (t)

I

I
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TRANSFORMS OF SOME USEFUL
FUNCTIONS

Shifted Unit impulse function
Find the Fourier transform of the signal x(t) = 6(t — t,)

X(t) = o(t- to)

X(f) = foox(t)e_fznftdt

X(f) = JOOS(t —t,)e J2mItqt

X(f) = e 2t fooa(t —t,)dt

X(f) = e~f2n
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TRANSFORMS OF SOME USEFUL
FUNCTIONS

Shifted Unit impulse function

5(t) — 1

S(t —t,) = 1 e~J2mfto
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TRANSFORMS OF SOME USEFUL
FUNCTIONS

Unit impulse function in frequency domain
Find the Inverse Fourier transform of the signal X(f) = §(f)

x(t) = fooX(f)efzﬂftdf |x@-s0

x(t) = Jood(f)ejznftdt .

x(t) = ] 5(F)dt

x(t) =1
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TRANSFORMS OF SOME USEFUL

FUNCTIONS

Unit impulse function in frequency domain

x(t)

Intelligent Systems Engineering
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%

49

l X(D=3(h)

6(f)




TRANSFORMS OF SOME USEFUL
FUNCTIONS

Shifted Unit impulse function in frequency domain
Find the Inverse Fourier transform of the signal X(f) = 6(f — ;)

x(t) =f X(f)el2™tdf X(D = 3(t- o)

x(t) = foo(S(f—fo)efZ”ftdt G f -
x(t) = el?™ot foo5(f — fo)dt

x(t) = el?™/ot
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TRANSFORMS OF SOME USEFUL
FUNCTIONS

Shifted Unit impulse function in frequency domain

1 6(f)

5(f o fo)

I 1

1 ef27Tfot

Intelligent Systems Engineering 51



TRANSFORMS OF SOME USEFUL
FUNCTIONS

3. Sinusoidal Functions cos(2rf,t) and sin(2m fyt)

Find the Fourier transform of the signal x(t) = Acos(2rf,t)
A . _
Acos(2mfyt) = E(eJanot + e~J2mfot)

1 = 6(f)
RN A
4= S
2
A . A
— pl2nfot = 2 _

1

—j A
o e 2Tt = S 5(f + fo)
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TRANSFORMS OF SOME USEFUL
FUNCTIONS

A, . _
Acos(2mfyt) = > (ef2mfot 4 e=i2mfot)

4 el2mht = é5(f—fo)
+ - ;
A . A
> e J2mht = 55(f+fo)

Acos(2mfyt) = 1;1(5(f —fo) +8(f + fo))
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TRANSFORMS OF SOME USEFUL
FUNCTIONS

Acos(2mfyt) = g((S(f +fo) +6(f — fo))

Intelligent Systems Engineering



TRANSFORMS OF SOME USEFUL
FUNCTIONS

3. Sinusoidal Functions cos(2rf,t) and sin(2m fyt)

Find the Fourier transform of the signal x(t) = Asin(2rf,t)

A, . _
Asin(2rfyt) = 2 (ef2mfot — g=J2mfot)

1 = 6(f)
RN A
4= L
2
A . A
TSR L G ()



TRANSFORMS OF SOME USEFUL
FUNCTIONS

A, . _
Asin(2mfyt) = 2 (ef2mfot — g=J2mfot)

_ A
el2mfot = 2—j5(f_fo)

A . A
__ pJ2mfot g -5(f +
£ omite L6(7+ f)

Asin(2mfyt) — ;}.(5(f—fo) —5(f+f0))
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TRANSFORMS OF SOME USEFUL

(1)

AAAN

FUNCTIONS

A sin( anot)

[

VVVVVV”

Asin(2mfyt)

Intelligent Systems Engineering
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SOME PROPERTIES OF THE FOURIER
TRANSFORM

1. LINEARITY:

The Fourier transform is linear that is if:
x(t) = Xi(f) and x(t) = X(f)

Then, for all constants a, and a,, we have:

a;x1(t) + axx,(t) = a1 X:(f) + aX,(f)
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SOME PROPERTIES OF THE FOURIER
TRANSFORM

2. CONJUGATION AND CONJUGATE SYMMETRY

The conjugation property is,
x(t) = X() Then | x*(t) = X*(—f)

The conjugate symmetry property states that if x(t) is real,
then:

X(—f) = X*(f)
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SOME PROPERTIES OF THE FOURIER
TRANSFORM

3. DUALITY:
The duality property states that if

x(t) = X(f)

Then
X(it) = x(—f)
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Example:

Find the inverse Fourier transform of X(f) illustrated in figure.

XD
“fy = f
Solution:

t

rect (;) = T Sa(nf1)
- _f
T Sa(mtr) = rect| —
T
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Solution:

But in figure the width is 2f, not t
rect (Z) L XN
T //’\»

f
rect (2—f0>

T Sa(mtr)

1%

2foSa(2rfyt)

I
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Solution:

I,

— 1\.,_{'1 1‘\__./1 ——

2foSa(2mfyt) = rect (ZLfO)
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Example:

Find the Fourier transform of the signal x(t) = a+j12nt
Solution:
e~ u(t) — 1
xt) = X(f) 1 a+jenf

I

Xt = x(=f) a+ j2nt eafu(_f)
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SOME PROPERTIES OF THE FOURIER
TRANSFORM
4. TIME SCALING:
The time scaling property states that if

x(t) = X(f)
Then, for any 1 Y f
(3

real constant a x(at) =

Special case: a=-1

x(—t)

Reflection
(inversion)

property
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SOME PROPERTIES OF THE FOURIER
TRANSFORM
4. TIME SCALING:

The scaling property states that time compression of a signal
results In its spectral expansion, and time expansion of the
signal results in its spectral compression.

xir)
| X(f)

N L
—

xii)

T—
ol

I

X
L w..-r""'_"“n /
0 ' N/ L
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SOME PROPERTIES OF THE FOURIER
TRANSFORM

4. TIME SCALING:
Signal Duration and Bandwidth

 The scaling property implies that if x(t) Is wider, its
spectrum is narrower, and vice versa. Doubling the signal
duration halves its bandwidth, and vice versa. This
suggests that the bandwidth of a signal Is Inversely
proportional to the signal duration or width (in seconds).

 The bandwidth of a rectangular pulse of width t seconds is
1/t Hz.
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Example:

Find the Fourier transform of the signal x(t) =

1

a+jt
Solution: )
. u@®) . =
SCONE 2l a+j2nf
X®©) = x(-H| a+j2mt e u(—f)
1
x(t) =  X(f) o= 2me™ u(=2nf)
1 X(f) a +]?1T[2ﬂ,
x(at) = lal  \a 1 = 2re™ u(—2nf)

a-+jt
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Example:

Find the Fourier transform of the signal x(t) = e*u(—t)
Solution:

1
RN X ) —at t \__\
@) = XU e~ *u(t) P
x(=t) = X(=f) 1
e u(—t) =

a— j2nf
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Example:

Find the Fourier transform of the signal
x(t) = e~ altl

Solution:

x(t) = e~altl

x(t) = e*u(—t) + e ¥u(t)

l
l
af, )
e“ul-1) k
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Solution:

1
N e %u(t) =
x(t) = X(f) .\ a+j2nf
a— j2nf
e~ = -
a+j2nf a-—j2nf
e_altl AN Za
(a +j2nf)(a — j2nf)
o-altl 2a

a’ + (2mf)?
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Solution:

Xif)

]

2a

—alt|

I

a’ + (2nf)?
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Example:

Find the Fourier transform of the sign
function x(t) = sgn(t) [pronounced signum

(t)], depicted in figure.

Solution:

Intelligent Systems Engineering

sgn (1)

] | —=

X(t) = sgn(t)

e %u(r)

d ZEero

ZEro

sgn(t) = Li_r)r(l)(eatu(—t) — e~ %yu(t))
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Solution:  sgn(t) = }li_r)r(l)(e_atu(t) — e%u(—t))

. . 1
x(t) = X(f) e u(®) T a+ j2nf
x(=t) &= X(=f) ey (—t) — 1.2 -
a—j2m
1 1
—at _ pat.,(_ \ _
et u) —eTul=t) = a+j2nf a-—j2nf
. . 1 1
e @m0 =

sgn(t) = 1
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Example:

Find the Fourier transform of the unit step function x(t) = u(t).

Solution:
x(t)
| + +2
(6) = = + = sgn(®)
u =5 ngn
u(t) S —5
(f)+]2nf

Intelligent Systems Engineerin
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SOME PROPERTIES OF THE FOURIER
TRANSFORM

5. TIME SHIFT:
The time shift property states that if

x(t) = X(f)

x(t —to) = X(f)e™ /ot

Then,

This result shows that delaying a signal by t, seconds does
not change its amplitude spectrum. The phase spectrum,
however, Is changed by —2xft,.
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Examp le: w(p) = e~ =l

Find the Fourier transform of the |
function x(t) = e~alt—tol, k
Solution: —

1
—at t #
x(t) = X() +e u(t) a+ j2nf
a—j2nf
e~ 2 i
a+j2nf a-—j2nf
o-altl 2a
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Solution: _qye 20

N a? + (2nf)?
x(t) = X(f)

x(t — tg) = X(f)e /2 to

SX(F)

2a .
e—alt—tol — 2 e~ J2mfto
a’ + (2mf)?
.r[r,: = ff_”l‘_ ol X(ﬂ
—
0 & [ > 0 f—
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Example:

Find the Fourier transform of the xin|a
function x(t) shown in figure.

o = 3 2T >
Solution: L3ty
x(t) = Arect 4
T
r
x(t) = X(f) Arect (;) = At Sa(nfr)
x(t —tg) = X(f)e /2™t . 3T it
Arect ( * ) ~ At Sa(nfr)e”’?™w

T
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SOME PROPERTIES OF THE FOURIER
TRANSFORM
6. FREQUENCY-SHIFT

The frequency shift property states that if
x(t) = X()

Then, |
x(D)el?ht = X(f - fo)

According to this property, the multiplication of a signal by a
factor e/2™/ot ghifts the spectrum of that signal by f,.
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Example:

Find and sketch the Fourier transform of the amplitude modulated
AM signal,

x(t) = Am(t) cos(2mfyt)

where the modulating signal is m(t) = rect G) and the carrier
IS c(t) = A cos(2mfyt)

m(t)
l xif)
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Solution:

|

—
~

m(f) M(f) fi 4

—2 I
t«

m(t) = rect (Z)

t
Arect (;) = At Sa(nft)

m(t) = rect G) = M(f) = 4 Sa(4nf)
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Solution:

x(t) = Am(t) cos(2mfyt)

A . ,
x(t) = Em(t)(eﬂﬂfot + e—JanOt)

A . A .
x(t) = Em(t)efz’rfot + Em(t)e_ﬂ”fot

A A
X(f) =§M(f—fo)+§M(f+fo)
M(f) = 4 Sa(4rf)

X(f) = 24Sa(4n(f — fy)) + 24Sa(4n(f + fy))
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Solution:
X(f) = 2ASa(4n(f — fo)) + 24Sa(4n(f + fo))

i M(f) 4
—_
=
A A\
-2 N Y [
4 4
XD
A YA
TRV T 0 ‘Vufﬂuvf_..

_""‘E[j{;'"—
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APPLICATIONS OF MODULATION

Modulation is used to shift signal spectra.

If several signals, all occupying the same frequency band, are
transmitted simultaneously over the same transmission
medium, they will all interfere; it will be impossible to
separate or retrieve them at a receiver. For example, if all
radio stations decide to broadcast audio signals

simultaneously, a receiver will not be able to separate them.
M(f)
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APPLICATIONS OF MODULATION

Modulation is used to shift signal spectra.

The problem Is solved by using modulation, whereby each
radio station Is assigned a distinct carrier frequency. Each
station transmits a modulated signal. This procedure shifts the
signal spectrum to its allocated band, which is not occupied
by any other station. A radio receiver can pick up any station
by tuning to the band of the desired station. This is called
frequency division multiplexing (FDM).

/\/\m /hAA

~ kuv 0 wav 3 ~
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SOME PROPERTIES OF THE FOURIER
TRANSFORM

/. Convolution:
The time-convolution property, state that if

x(t) = X.(f) x(t) = X(f)

Then, x1(t) *x; (£) = X1(HX,(F)

The frequency-convolution property, state that if

x1(0)x2(t) = X, (f) * X, (f)
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Example:

For an LTIC system with the unit impulse response
h(t) = e “tu(t) determine the response y(t) for the input
x(t) = e tu(t)

X(t) y(t)
= h(t) ’

Solution: y(t) = x(t) * h(t)

Y(f) = X(f)H(f)
1

e”u(t) = a+j2nf

X0 =e"u®) 2 X() =550
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Solution:  a(t) = e 2tu(t) = H(f) =

2+ j2nf
Y(f) = X(HH(f)

- 1 1 1 1
Y(f) = <1 +j27rf> <2 +j27rf> Y(f) = 1+ j2nf 2+ j2nf

Inverse Fourier Transform

y(t) = e tu(t) — e *tu(t)

YD = ampe+ iz

K
1 +]2T[f 2+ j2nf

Y(f) =

where K,, and K, are constants.

Intelligent Systems Engineering 89



Example:

For an LTIC system with the transfer function H(f) =

1

determine the response y(t) for the input x(t) = u(t).

X(t)

X(1)

Solution:

Y(f) =X(HH)

h(t)

1
Y(f) = (E(S(f) +

Intelligent Systems Engineering

1+j21f
y(t)
Y(f)
1 1
u(t) = 55<f)+j2_nf

1 1
j2nf )1+ j2nf
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Solution:

v B 15 1 1
(f)_<§ (f)+j2nf>1+j2nf

1 1 1
, + - X :
1+j2nf j2nf 1+ j2nf

1
Y(f) =§5(f)><

1 y 1+ j2nf — j2nf

nf 1+ j2nf
jenf

1+ j2nf

1
Y(f) = 55(f) +].2

1 1
Y(f)=§6(f)+j2—nfx(1_

vepy = L 1 1
F) =7 (f)+j2ﬂf_1+j2nf

Take the inverse FT

Intelligent Systems Engineering

y() = u(t) — e tu(t)
y() = (1 —e Hu(t)
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SOME PROPERTIES OF THE FOURIER

TRANSFORM
8. TIME DIFFERENTIATION AND TIME INTEGRATION

The time-differentiation property, state that if

x(t) = X()
Then,
dx(t)

e j2nfX(f)

The time integration property, state that iIf

‘ X 1
f_oox(r)dr = j2(7{;+§X(0)6(f)
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Example:
Find the Fourier transform of the

triangle  pulse  x(t) = tri G)
Illustrated in figure.

Solution:
x(t) = X(f)

dx(t)
dt

1%

j2nfX(f)
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Solution: |

1

T T
dx(t) 1 t+5) 1 t—5
()=—rect( 2)——rect( 2)

dt T T T T
dx(t) .
- = Jj2nfX(f)

1 . T 1 . T
i2nfX(f) = —X1T Sa(nfr)e’*™z — —X1T Sa(nfr)e ¥z

j2nfX(f) = Sa(nfr)(ejznf% — e_jznf%)
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Solution:

2nfX(f) = Sa(nfr)(ejznf% _ gJ2mf3)

Sa(nfr)(ej”ﬁ — e‘j”ff)

X(f) = a7
X(f) = Sa(nfrj);in(nfr)
X(f) = TSa(nfT;;in(nfr)

X(f) =t Sa*(nfr)



Solution: e

0

[ — 2
i
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Fourier Transform Properties

Operation x(f) Xiw)
Scalar multiplication Kxih) KX(f)
Addition (0 4+ xa2(1) X f)+Xa(f)
Conjugation () X¥—f)
Duality X0 x(—£)

. l f
Scaling (a real) xiaf) —X (—}

a| i

Time shifting x(t —tg) X(f)e 2=kt

Frequency shifting x(f) ed2wdyl X(f-£)

Time convolution Xy (1) £ x2(1) Xy(f ) Xz(f)

Frequency convolution 1 (Hxa(f) X £r=X-2(F)

Time differentiation dj:r} j2af X(f)

Time integration j: r.x x(t)dr '}T—;F + l;' X(Da(f)
97
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Short Table of Fourier Transform

1 o(f)
5(1) 1
e~ *u(t) 1
a+jinf
sgn(t) 1
jrf
u(t) 1 1
> 6(f) + 2nf
cos 2mfyt

1
5(5(f_f0)+5(f+fo))
1
2—j(5(f_f0)—5(f+fo))
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Short Table of Fourier Transform

A rect (9 AtSa(nfT)

A tri (;) AtSa?(nf1)
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|deal Filters

Ideal filters allow distortionless transmission of a certain
band of frequencies and completely suppress the remaining

frequencies.

Low pass Filter LPF

The ideal low pass filter allows all frequency components
below f = B Hz to pass without distortion and suppresses all

components above f =B.

H(f )|

f—

Intelligent Systems Engineering 100



Band pass Filter BPF

The 1deal bandpass filter allows all frequency components In
a band of frequency around its center frequency (f,) to pass
without distortion and suppresses all components outside that

band.

H(f )|

1

£ 0 3 P
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Ideal Filters
High pass Filter HPF

The i1deal high pass filter allows all frequency components
above f = B Hz to pass without distortion and suppresses all
components below f =B.

| Hiew)|
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Example:

The system shown in figure is used for scrambling audio
signals. The output y(t) is the scrambled version of the input
m(t).

(a) Find the spectrum of the scrambled signal y(t).

(b) Suggest a method of descrambling y(t) to obtain m(t).

2 cos 30,0009t

n‘rj f) g Lowpass filter v(f) Scrambled output
- 0-15 kHz ’
N]/‘ M(f)
—15 0 15 flkHz) —
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Solution:

d.
!.‘r: f) XS[) LpraSS filter v(f) Scrambled output
0-15 kHz
N]/‘ Mif)
—15 0 15

2 cos 30,0007t

filkHz) —
x(t) = 2m((t) cos(30,0007t)

x(t) = m(t)(eJ'BO,OOOnt + e—jS0,000nt)

x(t) = m(t)e/30000t 4 4 (t)e—J30,000mt

X(f) = M(f — 15,000) + M(f + 15,000)
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Solution:

al
.r?: f) XS:[) Lowpass filter v(t) Scrambled output
0-15 kHz
|H(£ )]
2 cos 30,0004t |
filkHz) =
-15 15 flkHz) =
x(f)
1
—30 —15 0 15 30 flkHz) —>
Y
1
15 0 15 f(kHz) =

Intelligent Systems Engineering
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Solution:

b.

v(1) " Z(t) . Lowpass filter mit)
Y® 0-15 kHz
1 |H(f)
/\ 2 cos 30,0004t 1
—15 0 15 f(kHz) — -15 15 f(kHz) —>
z(t)
1 A

Intelligent Systems Engineering
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f(kHz) =
M(f)

106

—15 01 15 f(kHz) =



Signal Energy

Parseval's Theorem

Signal energy (E,) of a signal x(t) is defined as the area under
|x(t)|2; O
E, = f lx(t)]%dt

Signal energy can be related to the signal spectrum X(f) by:

E, = j X(P)I2df
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Example:

Using Parseval’s theorem show that j |Sa(x)|*dx ==

Solution: X(0
| rect(t/T) / \
——— L L= -
T 0 T i —2\/1 0 1.2 .
: ! T T T f—
t
rect (;) = T Sa(nf1)

Let T = 1/mx, then:

rect(mt)

I
|
3
>
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Solution:

Calculating the signal energy in time domain:

|rect(t't)‘ )

0

> 1
E, =j lx(O)|?dt =1 =—
o T

Calculating the signal energy In frequency domain:

7-[2

(00 1 (0]
E, = f X(P)2df = — f Sa(f)2df

Using Parseval’s theorem:

1 * 1
= | 1sapPrar =~

T
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Solution:

f Sa(PIdf = 7

We can replace f with any dummy variable:

f 1ISa(x)|?’dx ==
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