Chapter 2

Time Domain analysis of
continuous time systems
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SYSTEM RESPONSE TO EXTERNAL INPUT

We will consider two methods of analysis of linear time-
invariant (LTI) systems: the time-domain method and the
frequency-domain method.

In this chapter we discuss the time-domain analysis of linear,
time-invariant, continuous-time (LTIC) systems.

We will find the system response y(t) to an input x(t) when
the system is In the zero state, that is, when all initial
conditions are zero.
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SYSTEM RESPONSE TO EXTERNAL INPUT

We shall use the superposition property for finding the
system response to an arbitrary input x(t).

X(t) y(t)
»  System >

The input x(t) could be written as a sum of narrow
rectangular pulses. The pulse starting at t=nAt has a
——1 7 = height x(nAt) and a width At as shown In figure.

x(t) = Al;r_r)lo z x(nAt)p(t — nATt)

|

o] 47 p— x(t) = llm z x(nAT) [p(t — nAT)]
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SYSTEM RESPONSE TO EXTERNAL INPUT

As At —0, the height of this strip—oo, but its area remains 1.
Hence, this strip approaches an impulse d(t—nrt) as t —0.

p(t-nArt)
_I — AT
AT

AT _)O a1 — nAT)

0 nAT | —-

nAT [ —
|
AT
The input x(t) could be written as:

x(t) = Jim z *(NAT)S(t — nAT)AT
T

Intelligent Systems Engineering 4



SYSTEM RESPONSE TO EXTERNAL INPUT

To find the response for this input x(t), we consider the input
and the corresponding output pairs:

X(t) ) y(t)
d 50 »  System >
0 [ —-
0 [—=
8(f — nAT) &
0 nA —=- 0 mA7T | —-
A
[xinATIAT]E(: — nAT) Avin
' vimATM(t — nATIAT
| __ 5 /\
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SYSTEM RESPONSE TO EXTERNAL INPUT

X(t)

f) =T

[

System

y(t3

—] f— T [ —-
AT

t = nAT

So, the system response y(t) could be expressed as:

y(t) = lim z x(nAT)h(t — nAT)AT
T
T

y(t) = joox(r)h(t — 17)dTt

where h(t) iIs the impulse response of the system.
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The Convolution Integral

The obtained expression for the zero-state response y(t) Is
called the convolution integral.

y(t) = foox(r)h(t — 7)dT

The convolution integral Is written as:

y(t) = x(t) * h(t)

X(t) y(t) = x(¢t) * h(t)
. h(t) :
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Example:

For an LTIC system with the unit impulse response
h(t) = e “tu(t) determine the response y(t) for the input

x(t) = e tu(t)
Solution:
X(t)

xirh
1
\

[]' | ——
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y() = x(t) * h(t)

h(t)

hit)

'lll
e -

y(t) = joox(r)h(t —1)dT

0

|-



Solution: y(t) = j (DAt — 7)dr

0 Fort>0

i

t
y(t) = f e T x e 2(t-T)qr
0

t
0 T —= y(t) — f e‘L‘ X Q_thT
0

t
h(t-T) y(t) — B_th etdrt
0
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Solution:

. Fort<@
N y(t) = f x(t)h(t —1)dt =0
b _Jet—e ™t >0
| y(6) = {0 t<0
y(t) = (e —e *Hu(t)
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Example:

For an LTIC system with the unit impulse response
h(t) = 6e~tu(t) determine the response y(t) for the input

x(t) = 2u(t)
Solution:

X(t)
h(t)

x(t)

y() = x(t) * h(t)

h(t)

y(t) = joox(r)h(t —1)dT

6
0 —_— _
r K
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Solution

(1)

| ]

y(t) = joox(r)h(t —17)dT

Fort>0

t
y(t) = f 2 X 6e (=D
0

6

h(t-T)

t

y(t) = 12J e’ X e~tdt
0

T —=

t

y(t) = 1Ze_tf etdr

0

y(t) = 12e~[e"]§
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y(t) = 12e (et — 1)
y(t) =12(1—-e™")
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Solution: y(t) = j (DAt — 7)dr

x(1) Fort<(
2 y(t) = f x(t)h(t —1)dt =0
0 T ——
_J12(1—-eHt =0
o) v {O t<O0
e y(t) =12(1 — e u(t)
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Example:

Find y(t) = x(t) * h(t) for the functions shown in figure.

x(t) h(tl
|
] ; — -
Segment (B) o
Solution: 3
y©) = [ @t -z
—® h(1)
x(t-T) -
1
£ T — Segment (B)
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Solution:

h(T)

y(t) = joo h(t)x(t — 7)dt

Fort<Q t
Segment (A) y(t) :f _ZezrdT

0

Segment (B)
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Solution: y(t) = j h(D)x(t — T)dT
" Fort>0
_ 0 t
Seement (A) — — 2T —-T
_Segmen ® y(t) j_oo 2e dr+f0 2e tdt

0 T—- IQZT]O o7 t
y(t) = =2 |— +2[ ]

Segment (B)
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Solution:

1—2et >
y(t) = {—eZt : £29

y(t) =1 —2e tu(t) — e?tu(-t)
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Example:

Find y(t) = x(t) * h(t) for the functions shown in figure.

x® h(t)
| |

| 0 | [ —- | 0 ]

Solution: .
y(t) = j x(t)h(t — 1)dt
x(T) h(t-T)
-1 0 1 T—=- -1+t 1+t T—=
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SOIUtion: y(t) = joox(r)h(t — 17)dT

x(1)
0 For-2<t <0
x(T) h(t-1)
!
-1 0 1 T—=
h(t-T) -1 1+t —=
I 1+t
y(t) = f x(T)h(t — 7)dt
~1
A+t 1+t T y(t) = Area

y(t)=(t+2)x1

y(t)=t+2
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Solution:

x(7)

y(t) = joox(r)h(t —17)dTt

ForO<t <2
x(T) h(t-1)

h(t-T)

T—=

-1+t 1 T—»
1

y(t) = f x(T)h(t — 7)dt
—1+t

-1+t 1+t
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T— y(t) = Area
yt)=2-t)x1

y(t) =2—t

20



Solution: o foox(r)h(t — 7)dr

x(1)

h(t-T)

Fort>2

y(t) = foox(r)h(t — 7)dTt

y(t) = zero

1+t ot 1+t
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SOIUtion: y(t) = foox(r)h(t — 17)dT

(2 + ¢t —2<t<0
y(t) =<2—t 0<t<?2
\0 Otherwise

y(©) = 2+ t)(ult+2) —u®) + (2 - t)(u() —ult —2))

t y(®

2

N

-2 0 2
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Example:
Find y(t) = x(t) * g(t) for the functions shown in figure.

1 x(t) gl

|

I 01 [ —- 0 3 [ —=

Solution: o
— () = f g(@x(t — Ddr
x(t-1) o T}
J 1
1+t 1+t T—= I 3 T
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SOIUtiOn: y(t) = joog(r)x(t — 17)dT

#o For -1<t <1
- 1
T g(T]}i(t-l']'

/I 1
0 I T §(1+t)

W =

| x(t-T) 0 I'H. —
1+¢
y(t) = f g(@x(t - Ddr
0
1+t 1+t T—e= y(t) = Area

y(t) =%(1+t) X%(1+t)
1
y(t)=g(1+t)2
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SOIUUO”: y(t) = j g(@)x(t — 1)dt
e 1 For 1<t <2
A 3t g(T)x(t-1)
1 .
1§(1 +t)
0 I —= 5(—1 +t)
x(t-T) '

0 -1+t I+t T —

14+t
or j g(@x(t — Dd

-1+t

t

Intelligent Systems Engineering

1+t

—1+t

— y(t) = Area

1 1 2

t) =2X=(—14+¢t)+=X%X2X=

y(t) 7 (F1+8) +5 2
2 2 2 2
yt)=—c+-t+-=<t

3'3 3 3
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SOIUtion: y(t) = foog(r)x(t — 7)dT

U For2<t <4
A %T g(T)x(t-1)
1.
L 1
0 :JIE §(—1+t)
x(t-T) 0 A+t 3 T—»
: 3
y©=|  g@x-ode
—1+t
1+t 1+ T= y(t) = Area

y(t)=(4—t)x%(—1+t)+%x(4—t)x(l—%(—1+t)>

C@-01+t) (A-t) (A-v(-1+0)
y(t) = 3 T T 6
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Solution:

(4—t)(—1+t)+(4—t)_(4—t)(—1+t)
3 2 6
(4—t)(—1+t)+(4—t)
6 2

1
y(t) = g((4 —t)(-1+t)+3(4—1))

y(t) =

y(t) =

1
y(t)=g(—4+4t+t—t2+12—3t)

1
y(t) = c (—t? + 2t + 8)
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SOIUtion: y(t) = foog(r)x(t — 7)dT

g Fort >4
- | 1
3 3
or f g(@x(t = Ddr = 0
-1+t
() 3 T —s=
x(t-T)

1+t 1+t T—m=
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SOIUtion: y(t) = foog(r)x(t — 7)dT

y(t) =+

YoRIEe

(1

gm+¢y —1<t<1
2
30 1<t<?2

1
E(—t2+2t+8) 2<t<4

0 Otherwise

+ t)2> (u(t+1) —ut—1))

4—§t(u(t—-1)—-u(t—-2))

+ (% (—t? + 2t + 8)) (u(t — 1) —u(t— 4))
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Another Solution:

g(T)

Intelligent Systems Engineering

o f g(@x(t — 1)dr

For-1<t <1
g(T)x(t-1)

1 1
§( +t)

0 1+ 71—

r1+t1
y(t)=J §(T) dt
0
21 [+ )2
o[ <[22

y(t) = %(1 +t)?

30
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SOIUtiOn: y(t) = foog(r)x(t — 17)dT

o) For 1<t <2
- 1

W =

T g(T)x(t-1)

1(1+1:)
13
0 T T—e 5(—1+t)

X(t-T) 0 14 I T —

1+t 1
y(t) =j —7dT

—1+t3

1+t 1+t T

(1+t) (141t
6| .., 6 6

2
y(t) =3t
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SOIUtiOn: y(t) = foog(r)x(t — 17)dT

&) For2<t <4
A %T g(T)x(t-1)
O
L 1
0 :JIE §(—1+t)
| x(t-1) 0 dH 3 T—a
3 1
y(t) =j —7dT
_14t3
-1+t 1+t
9 (- 1+t)
y(t) = [—] [
—1+t

y(t) = =(—t? + 2t + 8)
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SOIUtion: y(t) = foog(r)x(t — 7)dT

g(T) Fort >4
- | 1
37 3
or f g(@x(t = Ddr = 0
-1+t
() 3 T —s=
x(t-T)

1+t 1+t T—m=
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SOIUtion: y(t) = foog(r)x(t — 7)dT

y(t) =+

YoRIEe

(1

gm+¢y —1<t<1
2
30 1<t<?2

1
E(—t2+2t+8) 2<t<4

0 Otherwise

+ t)2> (u(t+1) —ut—1))

4—§t(u(t—-1)—-u(t—-2))

+ (% (—t? + 2t + 8)) (u(t — 1) —u(t— 4))

Intelligent Systems Engineering
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Convolution: Its bark 1s worse than 1ts bite!
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Interconnected systems

O A larger, more complex system can often be viewed as the
Interconnection of several smaller subsystems, each of which is
easier to characterize.

O Knowing the characterizations of these subsystems, it becomes
simpler to analyze such large systems.

 We shall consider here two basic interconnections, parallel and
cascade. @~ [ —m———

5(1) hy (1) %
ai(t E ‘:T'I E hylr) = Ryl(f) + hylr)
a(r) 5, 4 ;
[ -r' N i
Parallel Connection

&0 i hy (1) hit) = hy(6) = hsih
5, ! 5, ‘ | 2

Cascade Connection
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Example:

Two LTIC systems have impulse response functions given
by h,(t)=(1-t)[u(t)—u(t—1)] and h,(t) = tfu(t+2)—u(t—2)].

A. Assume that the two systems are connected in parallel,
find the equivalent impulse response function, h(t).

B. Assume that the two systems are connected In cascade,
find the equivalent impulse response function, h(t).
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Solution:
A. Parallel Connection:

T N s
P B0 f) | F

a Y —
alf) ‘ = i () = Ryl + hyln)
iy =t
N I

hi(t) =1 -0 (u@®) —ult-1))
hy () = t(u(t +2) —u(t — 2))

hyp(t) = hy(t) + hy(t)

hy () = (1 —O)(ul®) —ult — 1)) + t(ult +2) —u(t — 2))
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Solution:
A. Parallel Connection:

hh(@®) =@ -t)(ul) —ut-1)  ha(t) = t(ult+2) —u(t - 2))

t ()

$ hy(t)

1-t
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Solution:
A. Parallel Connection:

y M

1
1-t
t

2
t
_2 t
/ 0 2
2

Intelligent Systems Engineering
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Solution:
B. Cascade Connection:

a1 ) hy (1) | hir) = hy(e) = hsi0)
1‘!] L 53 | o -

1
[
EEmEmm-- - — i — ——

h(t) =1 =) (ul®) —u(t-1))
hy () = t(u(t +2) —u(t —2))

he(t) = hy(t) * h,(¢)

ho(t) = Joohz(r)hl(t — 7)dTt
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Solution:
B. Cascade Connection: he(t) = J ) h, (Dh(t — 7)dT

4 hy(t)

2
T For-2<t <-1
) : ¢
0 2 !
I/ ho(t) = J (1—-t+1)dT
~2
2

t

h(t) = f (1 —t) +72dr
) —2
2 3]
he(t) = |(1 —
17/ (t) [( 0=+ 3]_2

X B t* t3 8
a4t |0 ¢ Ths(t)—(l—t)2+3— 2(1—t)—§
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Solution:

B. Cascade Connection: ho(t) = J ) h, (D) hy(t — 7)dt

4 hy(t)

/ For -2<t <-1

17

0 2

t2 3 8
ho(t) =(1—-t — —t) ——
(O ==+ (2(1 t) 3>
h.(t) = : t3+t3 2 + 2t i
SN2 2 03 +3
h.(t) = t3+t2+2t+2
SV 62 3

A+t | O

Intelligent Systems Engineering
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Solution:
B. Cascade Connection: he(t) = J ) h, (Dh(t — 7)dT

¢ ha(r)

2
T For-1<t <2
-2 . .
0 2 i
I/ ho(t) = f (1—-t+1)dT
—1+t
2

byt t
(=) ho(t) = r (1 —1t) + 72dt
)1+t
1
//4 | 2 731"
17 hs(t)— (1_t)?+?]
: —1+t

-1+t 0 T
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Solution:
B. Cascade Connection: he(t) = J ) h, (Dh(t — 7)dT

For-1<t <2

2 3 2 _ 2

2 3
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Solution:

B. Cascade Connection:

4 hy(1)

2
T
2 :

I/O 2
-2
4

hy(t) = Joohz(r)hl(t — 17)dTt

For2<t <3

2

hy(t) = J (1 —t+1)dt
—1+t

2
hy(t) = f (1 —¢t) + 7%dt

)14t

[ 2 3]
he(t) =1 - t)7+?]

! —1+t

Intelligent Systems Engineering

46



Solution:
B. Cascade Connection: he(t) = J ) h, (Dh(t — 7)dT

For2<t <3

2 3
hs(£) = [(1—@; +T3]

—1+t
hs(t)=2+§—<(1_t)(—1;-t)2 ( 1:;|_t)2)
= 14 (—1+ t)z (-1 + t)Z
hS(t)_?_<(1_t) 2 3 )
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Solution:
B. Cascade Connection: he(t) = J ) h, (Dh(t — 7)dT

$ hy(t)

/ Fort > 3
2 d : h.(t) =0
I/ 2

-2

4 hy(t-1)

17

-1+t 0 t T
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Solution:
B. Cascade Connection: he(t) = J ) h, (Dh(t — 7)dT

[ ¢3  ¢2 2
— 4 — 4+ 2t 4+ — —2<t< —
6+2+ +3 2<t<-—-1
A 1+t2 -1+1)°
(1—t)—+—— (1—t )( ) +( ) —1<t<?2
y(t) = 3
14 (—1+1t)*> (—1+41t)?
_ 1—t <t <
2 (( ) > + 2 2<t<3
. 0 Otherwise
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