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SYSTEM RESPONSE TO EXTERNAL INPUT

We will consider two methods of analysis of linear time-

invariant (LTI) systems: the time-domain method and the

frequency-domain method.

In this chapter we discuss the time-domain analysis of linear,

time-invariant, continuous-time (LTIC) systems.

We will find the system response y(t) to an input x(t) when

the system is in the zero state, that is, when all initial

conditions are zero.
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SYSTEM RESPONSE TO EXTERNAL INPUT

We shall use the superposition property for finding the

system response to an arbitrary input x(t).

System
x(t) y(t)

The input x(t) could be written as a sum of narrow

rectangular pulses. The pulse starting at t=nτ has a

height x(nτ) and a width τ as shown in figure.

𝑥 𝑡 = lim
∆𝜏→0

෍

𝜏

𝑥 𝑛∆𝜏 𝑝 𝑡 − 𝑛∆𝜏

𝑥 𝑡 = lim
∆𝜏→0

෍

𝜏

𝑥 𝑛∆𝜏
𝑝 𝑡 − 𝑛∆𝜏

∆𝜏
∆𝜏
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SYSTEM RESPONSE TO EXTERNAL INPUT

As τ →0, the height of this strip→∞, but its area remains 1.

Hence, this strip approaches an impulse δ(t−nτ) as τ →0.

𝑥 𝑡 = lim
∆𝜏→0

෍

𝜏

𝑥 𝑛∆𝜏 𝛿 𝑡 − 𝑛∆𝜏 ∆𝜏

τ →0

The input x(t) could be written as:
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5

SYSTEM RESPONSE TO EXTERNAL INPUT

To find the response for this input x(t), we consider the input

and the corresponding output pairs:

System
x(t) y(t)
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SYSTEM RESPONSE TO EXTERNAL INPUT

So, the system response y(t) could be expressed as:

System
x(t) y(t)

𝑦 𝑡 = lim
∆𝜏→0

෍

𝜏

𝑥 𝑛∆𝜏 ℎ 𝑡 − 𝑛∆𝜏 ∆𝜏

𝑦 𝑡 = න
−∞

∞

𝑥 𝜏 ℎ 𝑡 − 𝜏 𝑑𝜏

where h(t) is the impulse response of the system.
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The Convolution Integral

The obtained expression for the zero-state response y(t) is

called the convolution integral.

𝑦 𝑡 = න
−∞

∞

𝑥 𝜏 ℎ 𝑡 − 𝜏 𝑑𝜏

𝑦 𝑡 = 𝑥 𝑡 ∗ ℎ 𝑡

The convolution integral is written as:

h(t)
x(t) 𝑦 𝑡 = 𝑥 𝑡 ∗ ℎ 𝑡
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Example:
For an LTIC system with the unit impulse response

ℎ 𝑡 = 𝑒−2𝑡𝑢 𝑡 determine the response y(t) for the input

𝑥 𝑡 = 𝑒−𝑡𝑢 𝑡

Solution:

h(t)
x(t) 𝑦 𝑡 = 𝑥 𝑡 ∗ ℎ 𝑡

𝑦 𝑡 = න
−∞

∞

𝑥 𝜏 ℎ 𝑡 − 𝜏 𝑑𝜏
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Solution: 𝑦 𝑡 = න
−∞

∞

𝑥 𝜏 ℎ 𝑡 − 𝜏 𝑑𝜏

𝑦 𝑡 = න
0

𝑡

𝑒−𝜏 × 𝑒−2 𝑡−𝜏 𝑑𝜏

𝑦 𝑡 = න
0

𝑡

𝑒𝜏 × 𝑒−2𝑡𝑑𝜏

𝑦 𝑡 = 𝑒−2𝑡න
0

𝑡

𝑒𝜏𝑑𝜏

𝑦 𝑡 = 𝑒−2𝑡 𝑒𝜏 0
𝑡

𝑦 𝑡 = 𝑒−2𝑡 𝑒𝑡 − 1

For t 0

𝑦 𝑡 = 𝑒−𝑡 − 𝑒−2𝑡
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Solution:

For t< 0

𝑦 𝑡 = ቊ𝑒
−𝑡 − 𝑒−2𝑡 𝑡 ≥ 0
0 𝑡 < 0

𝑦 𝑡 = න
−∞

∞

𝑥 𝜏 ℎ 𝑡 − 𝜏 𝑑𝜏 = 0

𝑦 𝑡 = 𝑒−𝑡 − 𝑒−2𝑡 𝑢 𝑡
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Example:
For an LTIC system with the unit impulse response

ℎ 𝑡 = 6𝑒−𝑡𝑢 𝑡 determine the response y(t) for the input

x 𝑡 = 2𝑢 𝑡

Solution:

h(t)
x(t) 𝑦 𝑡 = 𝑥 𝑡 ∗ ℎ 𝑡

𝑦 𝑡 = න
−∞

∞

𝑥 𝜏 ℎ 𝑡 − 𝜏 𝑑𝜏
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Solution: 𝑦 𝑡 = න
−∞

∞

𝑥 𝜏 ℎ 𝑡 − 𝜏 𝑑𝜏

𝑦 𝑡 = න
0

𝑡

2 × 6𝑒− 𝑡−𝜏 𝑑𝜏

𝑦 𝑡 = 12න
0

𝑡

𝑒𝜏 × 𝑒−𝑡𝑑𝜏

𝑦 𝑡 = 12𝑒−𝑡න
0

𝑡

𝑒𝜏𝑑𝜏

𝑦 𝑡 = 12𝑒−𝑡 𝑒𝜏 0
𝑡

𝑦 𝑡 = 12𝑒−𝑡 𝑒𝑡 − 1

For t 0

𝑦 𝑡 = 12 1 − 𝑒−𝑡
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Solution: 𝑦 𝑡 = න
−∞

∞

𝑥 𝜏 ℎ 𝑡 − 𝜏 𝑑𝜏

For t< 0

𝑦 𝑡 = න
−∞

∞

𝑥 𝜏 ℎ 𝑡 − 𝜏 𝑑𝜏 = 0

𝑦 𝑡 = ቊ12 1 − 𝑒−𝑡 𝑡 ≥ 0
0 𝑡 < 0

𝑦 𝑡 = 12 1 − 𝑒−𝑡 𝑢 𝑡
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Example:
Find y t = x t ∗ h t for the functions shown in figure.

Solution:
𝑦 𝑡 = න

−∞

∞

ℎ 𝜏 𝑥 𝑡 − 𝜏 𝑑𝜏
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Solution: 𝑦 𝑡 = න
−∞

∞

ℎ 𝜏 𝑥 𝑡 − 𝜏 𝑑𝜏

𝑦 𝑡 = න
−∞

𝑡

−2𝑒2𝜏𝑑𝜏

𝑦 𝑡 = −2
𝑒2𝜏

2
−∞

𝑡

𝑦 𝑡 = −𝑒2𝑡

For t< 0

𝑦 𝑡 = −2
𝑒2𝑡 − 𝑒−∞

2
−∞

𝑡
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Solution: 𝑦 𝑡 = න
−∞

∞

ℎ 𝜏 𝑥 𝑡 − 𝜏 𝑑𝜏

𝑦 𝑡 = න
−∞

0

−2𝑒2𝜏𝑑𝜏 + න
0

𝑡

2𝑒−𝜏𝑑𝜏

𝑦 𝑡 = −2
𝑒2𝜏

2
−∞

0

+ 2
𝑒−𝜏

−1
0

𝑡

𝑦 𝑡 = −1 − 2 𝑒−𝑡 − 1

For t  0

𝑦 𝑡 = −2
𝑒0 − 𝑒−∞

2
+ 2

𝑒−𝑡 − 𝑒0

−1

𝑦 𝑡 = 1 − 2𝑒−𝑡
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Solution:

𝑦 𝑡 = ቊ1 − 2𝑒−𝑡 𝑡 ≥ 0
−𝑒2𝑡 𝑡 < 0

𝑦 𝑡 = 1 − 2𝑒−𝑡𝑢 𝑡 − 𝑒2𝑡𝑢 −𝑡
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Example:
Find y t = x t ∗ h t for the functions shown in figure.

Solution:
𝑦 𝑡 = න

−∞

∞

𝑥 𝜏 ℎ 𝑡 − 𝜏 𝑑𝜏
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Solution: 𝑦 𝑡 = න
−∞

∞

𝑥 𝜏 ℎ 𝑡 − 𝜏 𝑑𝜏

For -2 t  0

𝑦 𝑡 = න
−1

1+𝑡

𝑥 𝜏 ℎ 𝑡 − 𝜏 𝑑𝜏

𝑦 𝑡 = 𝐴𝑟𝑒𝑎

𝑦 𝑡 = 𝑡 + 2 × 1

𝑦 𝑡 = 𝑡 + 2
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Solution:

For 0 t  2

𝑦 𝑡 = න
−1+𝑡

1

𝑥 𝜏 ℎ 𝑡 − 𝜏 𝑑𝜏

𝑦 𝑡 = 𝐴𝑟𝑒𝑎

𝑦 𝑡 = 2 − 𝑡 × 1

𝑦 𝑡 = 2 − 𝑡

𝑦 𝑡 = න
−∞

∞

𝑥 𝜏 ℎ 𝑡 − 𝜏 𝑑𝜏
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Solution:

For t  2

𝑦 𝑡 = 𝑧𝑒𝑟𝑜

𝑦 𝑡 = න
−∞

∞

𝑥 𝜏 ℎ 𝑡 − 𝜏 𝑑𝜏

𝑦 𝑡 = න
−∞

∞

𝑥 𝜏 ℎ 𝑡 − 𝜏 𝑑𝜏
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Solution:

𝑦 𝑡 = ቐ
2 + 𝑡 − 2 ≤ 𝑡 ≤ 0
2 − 𝑡 0 ≤ 𝑡 ≤ 2
0 𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑦 𝑡 = 2 + 𝑡 𝑢 𝑡 + 2 − 𝑢 𝑡 + 2 − 𝑡 𝑢 𝑡 − 𝑢 𝑡 − 2

𝑦 𝑡 = න
−∞

∞

𝑥 𝜏 ℎ 𝑡 − 𝜏 𝑑𝜏

t

y(t)

-2 0 2

2
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Example:
Find y t = x t ∗ g t for the functions shown in figure.

Solution:
𝑦 𝑡 = න

−∞

∞

𝑔 𝜏 𝑥 𝑡 − 𝜏 𝑑𝜏



1

3
1 + 𝑡
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Solution: 𝑦 𝑡 = න
−∞

∞

𝑔 𝜏 𝑥 𝑡 − 𝜏 𝑑𝜏

For -1 t  1

𝑦 𝑡 = න
0

1+𝑡

𝑔 𝜏 𝑥 𝑡 − 𝜏 𝑑𝜏

𝑦 𝑡 = 𝐴𝑟𝑒𝑎

𝑦 𝑡 =
1

2
1 + 𝑡 ×

1

3
1 + 𝑡

1

3
𝜏

𝑦 𝑡 =
1

6
1 + 𝑡 2
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Solution: 𝑦 𝑡 = න
−∞

∞

𝑔 𝜏 𝑥 𝑡 − 𝜏 𝑑𝜏

For 1 t  2

𝑦 𝑡 = න
−1+𝑡

1+𝑡

𝑔 𝜏 𝑥 𝑡 − 𝜏 𝑑𝜏

𝑦 𝑡 = 𝐴𝑟𝑒𝑎

𝑦 𝑡 = 2 ×
1

3
−1 + 𝑡 +

1

2
× 2 ×

2

3

1

3
𝜏

𝑦 𝑡 = −
2

3
+
2

3
𝑡 +

2

3
=
2

3
𝑡

1

3
1 + 𝑡

1

3
−1 + 𝑡
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Solution: 𝑦 𝑡 = න
−∞

∞

𝑔 𝜏 𝑥 𝑡 − 𝜏 𝑑𝜏

For 2  t  4

𝑦 𝑡 = න
−1+𝑡

3

𝑔 𝜏 𝑥 𝑡 − 𝜏 𝑑𝜏

𝑦 𝑡 = 𝐴𝑟𝑒𝑎

𝑦 𝑡 = 4 − 𝑡 ×
1

3
−1 + 𝑡 +

1

2
× 4 − 𝑡 × 1 −

1

3
−1 + 𝑡

1

3
𝜏

1
1

3
−1 + 𝑡

𝑦 𝑡 =
4 − 𝑡 −1 + 𝑡

3
+

4 − 𝑡

2
−

4 − 𝑡 −1 + 𝑡

6
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Solution:

𝑦 𝑡 =
4 − 𝑡 −1 + 𝑡

3
+

4 − 𝑡

2
−

4 − 𝑡 −1 + 𝑡

6

𝑦 𝑡 =
4 − 𝑡 −1 + 𝑡

6
+

4 − 𝑡

2

𝑦 𝑡 =
1

6
4 − 𝑡 −1 + 𝑡 + 3 4 − 𝑡

𝑦 𝑡 =
1

6
−4 + 4𝑡 + 𝑡 − 𝑡2 + 12 − 3𝑡

𝑦 𝑡 =
1

6
−𝑡2 + 2𝑡 + 8



Intelligent Systems Engineering 28

Solution: 𝑦 𝑡 = න
−∞

∞

𝑔 𝜏 𝑥 𝑡 − 𝜏 𝑑𝜏

For t  4

𝑦 𝑡 = න
−1+𝑡

3

𝑔 𝜏 𝑥 𝑡 − 𝜏 𝑑𝜏 = 0

1

3
𝜏
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Solution: 𝑦 𝑡 = න
−∞

∞

𝑔 𝜏 𝑥 𝑡 − 𝜏 𝑑𝜏

𝑦 𝑡 =

1

6
1 + 𝑡 2 − 1 ≤ 𝑡 ≤ 1

2

3
𝑡 1 ≤ 𝑡 ≤ 2

1

6
−𝑡2 + 2𝑡 + 8 2 ≤ 𝑡 ≤ 4

0 𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑦 𝑡 =
1

6
1 + 𝑡 2 𝑢 𝑡 + 1 − 𝑢 𝑡 − 1

+
2

3
𝑡 𝑢 𝑡 − 1 − 𝑢 𝑡 − 2

+
1

6
−𝑡2 + 2𝑡 + 8 𝑢 𝑡 − 1 − 𝑢 𝑡 − 4



1

3
1 + 𝑡
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Another Solution: 𝑦 𝑡 = න
−∞

∞

𝑔 𝜏 𝑥 𝑡 − 𝜏 𝑑𝜏

For -1 t  1

𝑦 𝑡 = න
0

1+𝑡 1

3
𝜏 𝑑𝜏

𝑦 𝑡 =
𝜏2

6
0

1+𝑡

=
1 + 𝑡 2

6
− 0

1

3
𝜏

𝑦 𝑡 =
1

6
1 + 𝑡 2
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Solution: 𝑦 𝑡 = න
−∞

∞

𝑔 𝜏 𝑥 𝑡 − 𝜏 𝑑𝜏

For 1 t  2

𝑦 𝑡 = න
−1+𝑡

1+𝑡 1

3
𝜏𝑑𝜏

1

3
𝜏

𝑦 𝑡 =
2

3
𝑡

1

3
1 + 𝑡

1

3
−1 + 𝑡

𝑦 𝑡 =
𝜏2

6
−1+𝑡

1+𝑡

=
1 + 𝑡 2

6
−

−1 + 𝑡 2

6
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Solution: 𝑦 𝑡 = න
−∞

∞

𝑔 𝜏 𝑥 𝑡 − 𝜏 𝑑𝜏

For 2  t  4

𝑦 𝑡 = න
−1+𝑡

3 1

3
𝜏𝑑𝜏

1

3
𝜏

1
1

3
−1 + 𝑡

𝑦 𝑡 =
𝜏2

6
−1+𝑡

3

=
9

6
−

−1 + 𝑡 2

6

𝑦 𝑡 =
1

6
−𝑡2 + 2𝑡 + 8
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Solution: 𝑦 𝑡 = න
−∞

∞

𝑔 𝜏 𝑥 𝑡 − 𝜏 𝑑𝜏

For t  4

𝑦 𝑡 = න
−1+𝑡

3

𝑔 𝜏 𝑥 𝑡 − 𝜏 𝑑𝜏 = 0

1

3
𝜏
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Solution: 𝑦 𝑡 = න
−∞

∞

𝑔 𝜏 𝑥 𝑡 − 𝜏 𝑑𝜏

𝑦 𝑡 =

1

6
1 + 𝑡 2 − 1 ≤ 𝑡 ≤ 1

2

3
𝑡 1 ≤ 𝑡 ≤ 2

1

6
−𝑡2 + 2𝑡 + 8 2 ≤ 𝑡 ≤ 4

0 𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑦 𝑡 =
1

6
1 + 𝑡 2 𝑢 𝑡 + 1 − 𝑢 𝑡 − 1

+
2

3
𝑡 𝑢 𝑡 − 1 − 𝑢 𝑡 − 2

+
1

6
−𝑡2 + 2𝑡 + 8 𝑢 𝑡 − 1 − 𝑢 𝑡 − 4
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Interconnected systems

❑ A larger, more complex system can often be viewed as the

interconnection of several smaller subsystems, each of which is

easier to characterize.

❑ Knowing the characterizations of these subsystems, it becomes

simpler to analyze such large systems.

❑ We shall consider here two basic interconnections, parallel and

cascade.

Parallel Connection

Cascade Connection
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Example:
Two LTIC systems have impulse response functions given

by h1(t)=(1−t)[u(t)−u(t−1)] and h2(t) = t[u(t+2)−u(t−2)].

A. Assume that the two systems are connected in parallel,

find the equivalent impulse response function, hp(t).

B. Assume that the two systems are connected in cascade,

find the equivalent impulse response function, hs(t).



Intelligent Systems Engineering 38

A. Parallel Connection:

Solution:

ℎ1 𝑡 = 1 − 𝑡 𝑢 𝑡 − 𝑢 𝑡 − 1

ℎ2 𝑡 = 𝑡 𝑢 𝑡 + 2 − 𝑢 𝑡 − 2

ℎ𝑝 𝑡 = 1 − 𝑡 𝑢 𝑡 − 𝑢 𝑡 − 1 + 𝑡 𝑢 𝑡 + 2 − 𝑢 𝑡 − 2

ℎ𝑝 𝑡 = ℎ1 𝑡 + ℎ2 𝑡
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A. Parallel Connection:

Solution:

ℎ1 𝑡 = 1 − 𝑡 𝑢 𝑡 − 𝑢 𝑡 − 1 ℎ2 𝑡 = 𝑡 𝑢 𝑡 + 2 − 𝑢 𝑡 − 2

t

h1(t)

0 1

1

1-t

t

h2(t)

-2

0 2

2

-2

t
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A. Parallel Connection:

Solution:

t

h1(t)

0 1

1

1-t

+ =
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B. Cascade Connection:

Solution:

ℎ1 𝑡 = 1 − 𝑡 𝑢 𝑡 − 𝑢 𝑡 − 1

ℎ2 𝑡 = 𝑡 𝑢 𝑡 + 2 − 𝑢 𝑡 − 2

ℎ𝑠 𝑡 = ℎ1 𝑡 ∗ ℎ2 𝑡

ℎ𝑠 𝑡 = න
−∞

∞

ℎ2 𝜏 ℎ1 𝑡 − 𝜏 𝑑𝜏
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B. Cascade Connection:

Solution:

ℎ𝑠 𝑡 = න
−∞

∞

ℎ2 𝜏 ℎ1 𝑡 − 𝜏 𝑑𝜏



h1(t-)

0-1+t

1

1-t+

t

For -2 t  -1

ℎ𝑠 𝑡 = න
−2

𝑡

𝜏 1 − 𝑡 + 𝜏 𝑑𝜏

ℎ𝑠 𝑡 = න
−2

𝑡

𝜏 1 − 𝑡 + 𝜏2𝑑𝜏

ℎ𝑠 𝑡 = 1 − 𝑡
𝜏2

2
+
𝜏3

3
−2

𝑡

ℎ𝑠 𝑡 = 1 − 𝑡
𝑡2

2
+
𝑡3

3
− 2 1 − 𝑡 −

8

3
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B. Cascade Connection:

Solution:

ℎ𝑠 𝑡 = න
−∞

∞

ℎ2 𝜏 ℎ1 𝑡 − 𝜏 𝑑𝜏



h1(t-)

0-1+t

1

1-t+

t

ℎ𝑠 𝑡 = 1 − 𝑡
𝑡2

2
+
𝑡3

3
− 2 1 − 𝑡 −

8

3

ℎ𝑠 𝑡 =
𝑡2

2
−
𝑡3

2
+
𝑡3

3
− 2 + 2𝑡 +

8

3

ℎ𝑠 𝑡 = −
𝑡3

6
+
𝑡2

2
+ 2𝑡 +

2

3

For -2 t  -1
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B. Cascade Connection:

Solution:

ℎ𝑠 𝑡 = න
−∞

∞

ℎ2 𝜏 ℎ1 𝑡 − 𝜏 𝑑𝜏



h1(t-)

0-1+t

1

1-t+

t

For -1  t  2

ℎ𝑠 𝑡 = න
−1+𝑡

𝑡

𝜏 1 − 𝑡 + 𝜏 𝑑𝜏

ℎ𝑠 𝑡 = න
−1+𝑡

𝑡

𝜏 1 − 𝑡 + 𝜏2𝑑𝜏

ℎ𝑠 𝑡 = 1 − 𝑡
𝜏2

2
+
𝜏3

3
−1+𝑡

𝑡
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B. Cascade Connection:

Solution:

ℎ𝑠 𝑡 = න
−∞

∞

ℎ2 𝜏 ℎ1 𝑡 − 𝜏 𝑑𝜏

For -1  t  2

ℎ𝑠 𝑡 = 1 − 𝑡
𝑡2

2
+
𝑡3

3
− 1 − 𝑡

−1 + 𝑡 2

2
+

−1 + 𝑡 3

3
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B. Cascade Connection:

Solution:

ℎ𝑠 𝑡 = න
−∞

∞

ℎ2 𝜏 ℎ1 𝑡 − 𝜏 𝑑𝜏



h1(t-)

0-1+t

1

1-t+

t

For 2  t  3

ℎ𝑠 𝑡 = න
−1+𝑡

2

𝜏 1 − 𝑡 + 𝜏 𝑑𝜏

ℎ𝑠 𝑡 = න
−1+𝑡

2

𝜏 1 − 𝑡 + 𝜏2𝑑𝜏

ℎ𝑠 𝑡 = 1 − 𝑡
𝜏2

2
+
𝜏3

3
−1+𝑡

2
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B. Cascade Connection:

Solution:

ℎ𝑠 𝑡 = න
−∞

∞

ℎ2 𝜏 ℎ1 𝑡 − 𝜏 𝑑𝜏

For 2  t  3

ℎ𝑠 𝑡 = 1 − 𝑡
𝜏2

2
+
𝜏3

3
−1+𝑡

2

ℎ𝑠 𝑡 = 2 +
8

3
− 1 − 𝑡

−1 + 𝑡 2

2
+

−1 + 𝑡 2

3

ℎ𝑠 𝑡 =
14

3
− 1 − 𝑡

−1 + 𝑡 2

2
+

−1 + 𝑡 2

3



Intelligent Systems Engineering 48

B. Cascade Connection:

Solution:

ℎ𝑠 𝑡 = න
−∞

∞

ℎ2 𝜏 ℎ1 𝑡 − 𝜏 𝑑𝜏

For t  3



h1(t-)

0-1+t

1

1-t+

t

ℎ𝑠 𝑡 = 0
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B. Cascade Connection:

Solution:

ℎ𝑠 𝑡 = න
−∞

∞

ℎ2 𝜏 ℎ1 𝑡 − 𝜏 𝑑𝜏

𝑦 𝑡 =

−
𝑡3

6
+
𝑡2

2
+ 2𝑡 +

2

3
− 2 ≤ 𝑡 ≤ −1

1 − 𝑡
𝑡2

2
+
𝑡3

3
− 1 − 𝑡

−1 + 𝑡 2

2
+

−1 + 𝑡 3

3
− 1 ≤ 𝑡 ≤ 2

14

3
− 1 − 𝑡

−1 + 𝑡 2

2
+

−1 + 𝑡 2

3
2 ≤ 𝑡 ≤ 3

0 𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
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